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Abstract 

In this work we consider a semi-linear energy critical wave equation in (3 < d < 5) 

dfU — Au = u, {x,t) e R"^ X R 

with initial data {u, dtu)\t=o = (uo,ui) £ x Here the function (/) € CIR"^; (0,1]) 

converges to zero as |x| —>■ oo. We follow the same compactness-rigidity argument as Kenig 
and Merle applied in their paper [32] on the Cauchy problem of the equation 

dtU — Au = 

and obtain a similar result when <j) satisfies some technical conditions. In the defocusing 
case we prove that the solution scatters for any initial data in the energy space x L^. 
While in the focusing case we can determine the global behaviour of the solutions, either 
scattering or finite-time blow-up, according to their initial data when the energy is smaller 
than a certain threshold. 


1 Introduction 

In this work we consider a semi-linear energy critical wave equation in with 3 < d < 5: 

f dfu — Au = ((j)(x)\u\^‘~^u, (a;, t) e X R; 

J u{-,0) = uo G idpR^; (CPI) 

[ dtu(-, 0) = ui G L^(R‘^); 

Here the coefficient function (j>{x) satisfies 

dG C(R'^;(0,1]), lim (j){x) = 0. (1) 

|ai|—>-oo 

The exponent Pc = 1 + A 2 energy-critical and C = ±l- IfC = lj then the equation is called 
focusing, otherwise defocusing. Solutions to this equation satisfy an energy conservation law: 

E^{u,dtu) = J^ dx = E^{uo,ui). (2) 

Here the notation 2* represents the constant 


By the Sobolev embedding ^ the energy E^{uo,ui) is finite for any initial 

data (uo,ui) G x L^(R'^). 
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1.1 Background 


Pure Power-type Nonlinearity Wave equations with a similar nonlinearity have been ex¬ 
tensively studied in many works over a few decades, in particular with a power-type nonlinearity 
Q\uY’~^u. There is a large group of symmetries acts on the set of solutions to an equation of this 
kind. For example, if u{x, t) is a solution to 

d^u — Au = (3) 


/ ,, _/ 1 f X — Xq t — to 

with initial data (uo,ui), then u[x,t) = ——u 


initial data 


aA V A ’ A 


is another solution to Q with 


1 


-Mo 


X — Xq 


1 


-Ul 


X — Xq 

A 


Ap- 1 'V Ay 

at t = to, where A > 0, xq S and to G M. are arbitrary constants. One can check that the 
energy defined by 


E{u,dtu)= f f^lVMp-b i|9tM|^ 


c 


p +1 


.|P+1 dx 


is preserved under the transformations defined above, i.e. E[u,dtu) = E(u,dtu), if and only if 
p = Pc = 1 -b 3 ^- This is the reason why the exponent Pc is called the energy-critical exponent, 
and why the equation m with p = Pc is called an energy-critical nonlinear wave equation. 


Previous Results A large number of papers have been devoted to the study of wave equations 
with a power-type nonlinearity. For instance almost complete results about Strichartz estimates, 
which is the basis of a local theory, can be found in [13 [3l]. Local and global well-posedness 
has been considered for example in [301144] . In particular, there are a lot of works regarding the 
global existence and well-posedness of solutions with small initial data such as [71 m [13133. 
Questions on global behaviour of larger solutions, such as scattering and blow-up, are usually 
considered more subtle. Grillakis Eiiiia and Shatah-Struwe gZlIlH] proved the global existence 
and scattering of solutions with any x initial data in the energy-critical, defocusing case 
in 1990’s. The focusing, energy-critical case has been the subject of several more recent papers. 
This current work is motivated by one of them, F. Merle and C. Kenig’s work [33 ■ I would like 
to describe briefly its main results and ideas here. 


Merle and Kenig’s work Let us consider the focusing, energy-critical wave equation 

( dfu — Au=\u\^^~^u, (a;, t) G X R; 

< u{-,0) = uoG (CPO) 

[ dtM(-,0)=MiGL2(Rd); 

Unlike the defocusing case, the solutions to this equation do not necessarily scatter. The ground 
states, defined as the solutions of (CPO) independent of the time t and thus solving the elliptic 
equation —AW = are among the most important counterexamples. One specific 

example of the ground states is given by the formula 

W{x,t) = W{x) = - - - 

(l I ^ = 

did-2)) 

Kenig and Merle’s work classifies all solutions to (CPO) whose energy satisfies the inequality 
A(mo,mi) = QiVmoI' + i|Mi|2 - ^|mo|'*) dx < E{W,0) 
into two categories: 
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(I) If IIVM 0 IU 2 < ||vw^|U2, then the solution u exists globally in time and scatters. The exact 
meaning of scattering is explained in Definition 12.141 blow. 

(II) If ||Vuo||l2 > IIVITIU 2 , then the solution blows up within finite time in both two time 
directions. 

Please note that ||Vuo||l 2 = ||VlT||i 2 can never happen if E{uo,ui) < E{W,0). Thus the 
classification is complete under the assumption that E{uo,ui) < E{W,0). The scattering part 
of this result is proved via a compactness-rigidity argument, which consists of two major steps. 

(I) If the scattering result were false, then there would exist a non-scattering solution to (CPO), 
called a “critical element”, with a minimal energy among those non-scattering solutions, 
that has a compactness property up to dilations and space translations. 

(II) A “critical element” as described above does not exist. 

Solutions with a greater energy Before introducing the main results, the author would like 
to mention a few works that discuss the properties of the solutions to (CPO) with an energy 
E > E{W,0). These works include [TOlIIIlllO] (Radial case) and [41] (Non-radial Case). 

1.2 Main Results of this work 

In this work, we will prove that similar results as mentioned in the previous subsection still hold 
for the equation (CPI), at least for those (j)’s that satisfy some additional condition besides (HJ. 

Defocusing Case As in the case of the wave equation with a pure power-type nonlinearity, 
we expect that all solutions in the defocusing case scatter. In fact we have 

Theorem 1.1. Let 3 < d<5. Assume the coefficient function (j) G C'^(K.'^) satisfies the condition 
(HI) and 

^ a; e (4) 

Then the solution to the Cauchy Problem (CPI) in the defocusing case with any initial data 
{uo,ui) € X L^(]R'^) exists globally in time and scatters. 

Remark 1.2. Any positive radial C^ function satisfies the condition (jl]) as long as it decreases 
as the radius r = |a;| grows . 

Focusing Case As in the case of a pure power-type nonlinearity, we can classify all solutions 
with an energy smaller than a certain positive constant. The threshold here is again the energy 
of the ground state W for the equation (CPO), defined by 

EiiWffi) = (i|VITp - dx. 

Please note that W is no longer a ground state of (CPI) and that the energy above is not the 
energy E^fWffi) for the equation (CPI) as defined in ([2]). This can be explained by the following 
faco If (/)(a:o) = 1, then the rescaled version of W defined by 

is “almost” a ground state for (CPI) as A —^ 0+ with its energy E^(W;^^xo>0) ^i(I^)O)) as 

shown by Lemma 13.151 

^Without loss of generality, we assume the value of 0 is equal to the upper bound 1 somewhere; otherwise the 
threshold can be improved, see coroIIarv l2.23l 
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Theorem 1.3. Let 3 < c? < 5. Assume the function (j) G satisfies the condition ([T]) and 

2*(1 — fi^x)) + (x ■ V(/)(a;)) > 0, for any x G (5) 

Given initial data (mo,mi) G x with an energy E(j){uo,ui) < Ei{W,Q), the global 

behaviour, and in particular, the maximal interval of existence I = (—T_(uo, mi), T+(uo, iti)) of 
the corresponding solution u to the Cauchy problem (CPI) in the focusing case can be determined 
by: 

r*; //iivwoIIl2 < then J = R and u scatters in both time directions. 

(ii) If\\Vuo\\L 2 > ||VTT||i 2 , then u blows up within finite time in both two directions, namely 
r_(Mo,wi) <+oo; r+(uo,Ml) <+00. 

Remark 1.4. The function (j){x) = satisfies the conditions in Theorem. \1.A as long as 

2<a<2*. 

Remark 1.5. The compactness process works for any (j) that satisfies the basic assumption O- 
Thus the main theorem might still work without the assumption or m, if we could develop 
a successful rigidity theory for more general (j) ’s. 

1.3 Idea of the proof 

In this subsection we briefly describe the idea for the scattering part of our main theorems. We 
focus on the focusing case, but the defocusing case, that is less difficult, can be handled in the 
same way. Let us first introduce {M > 0) 

Statement 1.6 (SC((/), M)). There exists a function fi : [0,M) —>■ R+, such that if the initial 
data (uo,ui) G x L^(R‘^) satisfy 

||Vuo||l 2 < ||Vl+|h2, E^(uq,ui) < M] 

then the solution u to (CPI) in the focusing case with the initial data (uo,ui) exists globally in 
time, scatters in both two time directions with 

||m|| d+2 2(d+2) < l3{EJuo,ui)). 

LX^L <^-2 (RxR'^) 

Remark 1.7. According to Remark [2.2(A f/HViiolli^ < ||VI+|h 2 , then we have 

E ^{ uo , ui ) ~ |1(mo,'«i)||^ixl2 > 0. 

Therefore we have 

• The expression fi{E^{uo,ui)) is always meaningful. 

• Proposition \2.12\ guarantees that the statement SCffi, M) is always true if M >0 is 
sufficiently small. 

Compactness Process It is clear that the statement SC{(j), Ei{W,0)) implies the scattering 
part of our main theorem ll.31 If the statement above broke down at Mq < Ei{W,0), i.e. SC{(j), 
M) holds for M = Mq but fails for any M > Mq, then we would find a sequence of non¬ 
scattering solutions u„’s with initial data (ug^n, ui,n), such that E,p{uo^n,ui,n) —t Mq. In this 
case a critical element can be extracted as the limit of some subsequence of {u„} by applying the 
prohle decomposition. This process is somewhat standard for the wave or Schrodinger equations. 
However, this is still some difference between our argument and that for a wave equation with 
a pure power-type nonlinearity. The point is that dilations and space translations are no longer 
contained in the symmetric group of this equation. The situation is similar when people are 
considering the compactness process for wave/Schrodinger equations on a space other than the 
Euclidean spaces, see [IZHH], for instance. We start by introducing the prohle decomposition, 
before more details are discussed. 
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The profile decomposition One of the key components in the compactness process is the 
profile decomposition. Given a sequence {uo^n,ui^n) & x we can always find a 

subsequence of it, still denoted by {(uo,n, Mi,n)}nez+j a sequence of free waves (solutions to the 
linear wave equation), denoted by {Vj{x,t)}j^z+y and a triple Xj^n,tj^n) G M"*" x R'* x R for 
each pair {j,n), such that 

• For each integer J > 0, we have the decomposition 


(uo,nj Ui^„) — y 0 ), dtVj^ni'i 0 )) + '^0,n)- 

i=i 

Here is a modified version of Vj via the application of a dilation, a space translation 
and/or a time translation: 




1 


-V, 


x^ A, 


cc X q Yi i/ i j 


Aa 


X — X 


j,n t 

Xj^n 


and {wq ^,w(„) represents a remainder that gradually becomes negligible as J and n grow. 

• The sequences Xj^n, ^j,n)}nez+ {(A^qn, xj/^n, tj',n)}nGZ+ 9'^’® “almost orthogonal” 

for j ^ f. More precisely we have 


lim 


n—^OO VA 


^j,n Xjf 




Xi.n 


= + 00 . 


• We can also assume Aj,„ —>■ A^- G [0,oo) U {oo}, Xj^n xj G R"^ U { 00 } and —tj^n/Xj^n —>■ 
tJ G R U { 00 , — 00 } as n —>■ 00 for each fixed j. 


The nonlinear profile In the case of a pure power-type nonlinearity, we can approximate 
the solution to (CPO) with initial data 0), 0)) by a nonlinear profile Uj, which 

is another solution to (CPO), up to a dilation, a space translation and/or a time translation, 
and then add these approximations up to obtain an approximation of Un, thanks to the almost 
orthogonality. The fact that the equation (CPO) is invariant under dilations and space/time 
translations plays a crucial role in this argument. As a result, this can no longer be done for 
the equation (CPI). However, this problem can still be solved if we allow the use of nonlin¬ 
ear profiles that are not necessarily solutions to (CPI) but possibly solutions to other related 
equations instead. In fact, the solution to (CPI) with initial data (V)-_„(-, 0), 9tV,^„(-, 0)) can be 
approximated by a nonlinear profile Uj as described below, up to a dilation, a space translation 
and/or a time translation. 

1 (Expanding Profile) If Xj = 00 , then the profile spreads out in the space as n —>• 00 . 
Eventually a given compact set won’t contain any significant part of the profile. The 
combination of this fact and our assumption lim|a;|^oo 4>{x) = 0 implies that the nonlinear 
term (j){x)\u\P'^~^u is actually negligible as n —>■ 00 . As a result, the nonlinear profile Uj in 
this case is simply a solution to the free linear wave equation. 

If (Traveling Profile) If Xj < 00 but Xj = 00 , then the profile travels to the infinity as n —>■ 00 . 
Again this enables us to ignore the nonlinear term and choose a nonlinear profile from the 
solutions to the linear wave equation. In fact, we can make the remainder term absorb 
those profiles in the cases (I) and (If). 

HI (Stable Profile) If Xj G R^ and Xj G R"^, then the profile approaches a limiting scale and 
position as n —>■ 00 . Therefore the nonlinear profile Uj is a solution to (CPI). 

IV (Concentrating Profile) If Xj = 0 and Xj G R'^, then the profile concentrates around a 
fixed point Xj as n —>■ 00 . The nonlinear term (j){x)\u\P'^~^u performs almost the same 
as (j){xj)\u\^'=~^u. As a result, the nonlinear profile Uj is a solution to cf/u — Au = 
4>{xj)\uY‘‘^~'^u. 
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Extraction of a critical element After the nonlinear profiles are assigned, we can proceed 
step by step 

(I) First of all, we show there is at least one non-scattering profile U, whose energy is at least 
Mo. 

(II) By considering the estimates regarding the energy, we show that U is the only nonzero 
profile and its energy is exactly Mq. This also implies that this nonlinear profile is a 
solution to (CPI). 

(Ill) Finally we prove that the solution U is “almost periodic”, i.e. the set 

is pre-compact in x where I is the maximal lifespan of U, by considering a 

new sequence of solutions derived from U via time translations and repeating the whole 
compactness process. A direct corollary is that the maximal lifespan / is actually R. 

Nonexistence of a critical element Finally we show that a critical element may never exist. 

• In the defocusing case, we apply a Morawetz-type inequality, which gives a global integral 
estimate. This contradicts with the “almost periodicity”. 

• In the focusing case, we follow the same idea used in Kenig and Merle’s work. We show 
that the derivative 

[ {x ■ Vu)utipRdx + X / ipRUUtdx 

has a negative upper bound but the integral itself is always bounded for all time t. This 
gives us a contradiction when we consider a long time interval. Here (pR is a cut-off function. 

1.4 Structure of this Paper 

This paper is organized as follows: In Section 2 We make a brief review on some preliminary 
results such as the Strichartz estimates, the local theory and some results regarding the wave 
equation with a pure power-type nonlinearity. We then consider the linear profile decomposi¬ 
tion, define the nonlinear profiles and discuss their properties in Section 3. After finishing the 
preparation work, we perform the crucial compactness procedure and extract a critical element 
in Section 4. Next we prove that the critical element can never exist, thus finish the proof of the 
scattering part of our main theorem in Section 5. Finally in Sections 6 we prove the blow-up part 
of our main theorem. Section 7 is an extra, showing an application of our main theorem, about 
the radial solutions to the focusing, energy-critical shifted wave equation on the 3-dimensional 
hyperbolic space. 


dt 


2 Preliminary Results 


2.1 Notations 

Definition 2.1. Throughout this paper the notation F represents the function F{u) = C,\u\P‘^~^u. 
The parameter C = ±1 is determined by whether the equation in question is focusing ((^ = 1) or 
defocusing (C, = —1). 


Definition 2.2 (Dilation-translation Operators). 


IFe define Ta to be the dilation operator 


Ta {uo{x),ui{x)) 
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and TA,a;Q to be the dilation-translation operator 


Ta.ojo {uo{x),ui{x)) = 


( 1 


VA'^/2- 


r^o 


X — Xq 

A 


’ A'^/2 


Ui 


X — Xq 

A 


-Here x is the spatial variable of the functions. Similarly we can define these operators in the 
same manner when both the input and output are written as column vectors. 

Definition 2.3. Let S^ft) be the linear propagation operator, namely we define 
SLito){uo,u^) = uito) SM 

if u is the solution to the linear wave equation 

f dfu — Au = 0; 

\ {u,dtu)\t=o = {uo,ui). 


Similarly Si(t) and S,p{t) represents the nonlinear propagation operator with nonlinearity F{u) 
and (f>F(u), respectively. 

Definition 2.4 (The energy). Let f) : ^ [0,1] be a function and C = ±1. We define 

E(;,^{uo, ui) to be the energy of the nonlinear wave equation dfu — Au = with initial 

data {uo,ui) G x L2(K'^). In other words, we define 

Ec,^{uo,ui) = + ijMip - dx. 


We may omit C and use E^(uo,ui) instead when the choice off is obvious. 


Definition 2.5 (Space-time Norms). Assume I < q,r < oo and let I be a time interval, 
norm ||M||L,L’'( 7 xR‘i) represents \\\\u{x,t)\\Lr(^Rd.dx)\\In particular, if 1 < q,r < oo, 
we have 


qjr 


1/9 


\n\\ 


LiL’-(Ixl 


R<1 


\u{x,t)\^dx\ dt 


The 

then 


Definition 2.6 (Function Spaces). Let I be a time interval. 


We define the following norms. 


Illllly//) — \W\\LPcL^Pc(IxR'i) — ||^^^^''u||lp<=L2pc(/xR‘1) 

||(wo,Ml)||77 = ||(uo,Ml)|lii-ixL2(R<i) 


2.2 Local Theory 

In this subsection we briefly discuss the local theory of the nonlinear equation (CPI). Our local 
theory is based on the Strichartz estimates below. 

Proposition 2.7 (Strichartz estimates, see |19jb There is a constant C determined solely by 
the dimension d G {3,4,5}, such that if u is a solution to the linear wave equation 

f dfu — Au = F(x,t); (x,t)GR'^xI; 

\ (u,dtu)lt=o = (uo,ui); 

where I is a time interval containing 0; then we have the inequality 


sup||(u(-,t),atu(-,t))||^i,,^2(Rd) -f ||u| 1 y(/) < c 


||(M0,Ml)|lij-ixL2(Rd) + ||.F|lLiL2(/xR<i) 
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Remark 2.8. We can substitute Y norm in Proposition\2.T\ by any L'^U' norm if 


2 < q < oo, 2<r<oo, 



as shown in the paper m- These space-time norms are called (energy-critical) Strichartz norms. 

Definition 2.9 (Solutions). Let (uo,ui) be initial data in x and I be a time interval 

containing 0. We say u{t) is a solution of (CPI) defined on the time interval I, if {u{t), dtuit)) € 
X L^(K‘^)) comes with a finite norm ||n||y*(j) for any bounded closed interval J Cl and 
satisfies the integral equation 


u{t) = S{t){uo,ui) + 



sin((t — t)^—A) 

7 ^^ 


[^F(m(-,t))] dr 


holds for all time t € I. 

Remark 2.10. We can substitute Y*{I) norm above with Y{I) norm to make an equivalent 
definition, by applying the Strichartz estimate on the integral equation above 


||m||f*(/) < l|u||y(/) <C ||(uo,Ul)||^ixL2(Kd) 


=c 


||(U0, + ||'U||7*(/) 


Using the inequalities 


\\(j)F{ui) - ti'F(M 2 )||LiL 2 (/xRU < C\\ui - U 2 ||y*(/) (||ui||7*7) + II“2|I7*”^) ; 

the Strichartz estimate and a fixed-point argument, we have the following local theory. (Our ar¬ 
gument is similar to those in a lot of earlier papers. Therefore we only give important statements 
but omit most of the proof here. Please see, for instance, [H] for more details.) 

Proposition 2.11 (Local solution). For any initial data {uq,ui) £ x L^(]R‘^), there is a 
maximal interval {—T-{uq,ui),T+{uq,ui)) in which the Cauchy problem (CPI) has a solution. 

Proposition 2.12 (Scattering with small data). There exists <5 > 0 such that if the norm of 
the initial data |l(M 0 )'i'-i)|lilixL 2 (R<i) < then the Cauchy problem (CPI) has a global-in-time 
solution u with ||u||y(R) < ||(Mo,Mi)|lilixL 2 (Rd). 

Lemma 2.13 (Standard finite blow-up criterion). Let u be a solution to (CPI) with a maximal 
lifespan (—T_,T+). //T+ < oo, then ||u||y*([o,t+)) = oo. 

Definition 2.14 (Scattering). We say a solution u to (CPI) with a maximal lifespan I = 
(—r_,T+) scatters in the positive time direction, if T+ = oo and there exists a pair (vo,vi) £ 
JL^ X L^(]R‘^), such that 


lim 

t—>■ + 00 




= 0 . 




In fact, the scattering can be characterized by a more convenient but equivalent condition: 
+llv*([T',r+)) < oo, or still equivalently, ||M|ly([T',T+)) < oo. Here T' is an arbitrary time 
in I. The scattering at the negative time direction can be defined in the same manner. 











Theorem 2.15 (Long-time perturbation theory, see also [5J [3111331 ES] )• Let M be a positive 
constant. There exists a constant eg = eo(M) > 0, such that if an approximation solution u 
defined on x I (0 G I) and a pair of initial data (uq, ui) € x satisfy 

{d^ — A)(m) — (j)F{u) = e{x,t), {x,t) G x /; 

||{t||y.(/) < M; ll(M( 0 ),atM( 0 ))||^i^i 2 (Rd) < oo; 

£ = ||e(a;,t)||iii 2 (jxR<i) + ||-S'(t)(iio - u{0),ui - (9tM(0))||y-.(/) < £o; 


then there exists a solution u{x,t) of (CPI) defined in the interval I with the initial data {uo,ui) 
and satisfying 

\\u{x,t) - u{x,t)\\Y*(i) < C{M)£. 


sup 

tG/ 



Mo - U(0) \ 

Ml - dtu(O)J 


< C{M)£. 

ffixL2(Rd) 


Proof. Let us first prove the perturbation theory when M is sufficiently small. Let be the 
maximal lifespan of the solution u(x, t) to the equation (CPI) with the given initial data (uq, ui) 
and assume [—Ti,T 2 ] C In Ji. By the Strichartz estimates, we haveH 


||m - M||r*([-Ti,T2]) 

< ||5'L(t)(uo - m(0),Ui - M(0))||y*([_Ti,T2]) +C\\e + (fF{u) - 4'F{u)\\LiL2(^[-T^,T2]xWl<i) 

< £ + C||e||iii2([_r,.T2]xR<^) + C||F(<^i/P‘=m) - F(<^i/P‘=m)|| LiL2([_Ti,T2]xR<i) 

<£ + C£ + C'||<()^/P‘=(m - M)||y([_Ti,T2])(ll</'^^^“w|lv(T-Ti,T2]) + 

<C£ + C\\u - M||y.([_T„T 2 ])(M^'“-' + ll« - «II??*-([_t,.T 2 ]))- 

By a continuity argument in Ti and T 2 , there exist Mq = Mo{d) > 0 and Eq = £o(d) > 0, such 
that if M < Mq and e < £ 0 , we have 


I|u - M||r*([-Ti,T 2 ]) < C{d)£. 

Observing that this estimate does not depend on Ti or T 2 , we are actually able to conclude 
/ C Ii by the standard blow-up criterion and obtain 


||m- M||y*(7) < Cid)£. 

In addition, by the Strichartz estimate we have 


sup 

tel 


( \ _ Q (-t\( ^0 “ ^( 0 ) ^ 

\dtuif)) \dtu{t)) \ui-dthfiS)} ^i^^ 2 (R^) 

< C\\(t)F{u) - fiFiii) - e|| 7 i 72 ( 7 xR<i) 

A c ^||e||7i72(7xR<i) + \\F{(j)^^P'=u) — P’(<(>^^^'M)||LiL2(7xR<i)) 
£-h ||M-M||r*(/) 


< C 

< C£. 


W|IVb(/) + I|W-W|ly*(7) 


This finishes the proof as M < Mq. To deal with the general case, we can separate the time 
interval / into finite number of subintervals {Ij}i<j<n-, so that ||u||v*( 7 i) < LTq, and then iterate 
our argument above. □ 

Remark 2.16. If K is a compact subset of the space x L^(R'^), then there exists T = T{K) > 
0 such that for any (uq,ui) G K, we have T+(uo,ui) > T(K) and T_(mo,mi) > T{K). This is 
a direct corollary from the perturbation theory. 

^The letter C in the argument represents a constant depending solely on the dimension d, it may represent 
different constants in different places. 
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2.3 Ground States and the Energy Trapping 

In this subsection we make a brief review on the properties of ground states for the equation 
(CPO) and understand the “energy trapping” phenomenon. Let us first recall a particular ground 
state 

W{x) = -i 

(l I 1^1^ ^ = 

+ d(d-2)) 

The ground state is not unique, because given any constants A G and xq G the function 

= jLw 

is also a ground state. Any ground state constructed in this way share the same and 
norms as W. The ground state W, or any other ground state we constructed above, can be 
characterized by the following lemma. 

Lemma 2.17 (Please see [56]). The function W gives the best constant Cd in the Sobolev 
embedding H^{W^) ^ (R'^). Namely, the inequality 

< Cd\\Vu\\L. 

holds for any function u G and becomes an equality for u = W. 

4 

Remark 2.18. Because the function W is a solution to — AW = \ W\'^^W, we also have 

( \vw\-^dx = [ \wfdx \\vw\\l. = \\w\\i:, = cT IIVIPlIi; 


As a result, we have Cj ||VIP ||^2 ^ = 1 and = (l/(i)||V1P|||2 > 0. 

Proposition 2.19 (Energy Trapping, see also [3U[33]). Let (5 > 0. If u is a solution to (CPI) 
in the focusing case with initial data (uo,iti) so that 

||Vuo||l 2 < ||VIT|h2, E4uo,ui) < il-S)E,{W,0y, 

then for any time t in the maximal lifespan I of u we have 

||(u(-,t),atu(-,t))||^i^^2(R,i) < (1 - 2Vd)^/^||VlP||i2 

(\yu{x,t)y — \u{x,t)y^dxo±s / \Vu{x,t)ydx 

\ut{x,t)ydx + j {\yu{x,t)y-\u{x,t)y"^ dx E^{uq,ui). 


/R'i 


/R‘1 


Proof. If we have || Vu(-, <o)||l 2 < ||VIT||| for some time to G I, then we have 
||u(-,to)IL 2 . < Cd\\yu{-,to)\\L^ < C,||VIT|h 2 = IIITIL 2 .. 

Therefore 

I 1ft 

-\\{u{-,to),dtu{-,to))\\%^^^ 2 ^^ci^ = E,p{uo,ui) + — J^^(l)\u{x,to)y dx 


2 * 


< (1 - 5)Ei{W,G) 

= ^l|VIPf-(5Ei(lP,0) 


\Wfdx 


llVIPf. 


( 6 ) 

(7) 

( 8 ) 
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Because we know (u, dtu) G C{I\ xL^(R'^)), this implies that the inequality ([5]) holds for each t 
in a small neighbourhood of to- Using a continuity argument and the fact ||Vuo||l 2 < ||VlU|||,we 
know the inequality ([B]) holds for all t G I. Applying this inequality and the Sobolev embedding 
we have 


f = ||u{-,t)||f 2 * < cf ||Vu(-,t)||f 2 = cf ||Vu(-,t)||f 2 ^ f \\7u{x,t)\^dx 

jR‘i JR‘‘ 

<cf (l-2d/d)(2*-2)/2||vVb||f-2 / \Vuix,t)\^dx (9) 

< {l — 2S/d)^^ -2)/2 f |Vu(a:, t)p(ix 

JS.'^ 

Here we use the identity Uj* ||V1U||^2~^ = 1- Since the constant (1 — 2 ( 5 /d)U*- 2)/2 ^ 
obtain the estimate ©• The estimate ([5]) immediately follows as a direct corollary. □ 

Remark 2.20. If{uo,ui) G x satisfies ||Vuo||l 2 < ||VlU||i 2 , then as we did in (O, 

we can show 

/ \u{x,t)\'^ dx< IVu{x, t)\'^dx. 

jR‘i JRrf 

Therefore we have E^(uo,ui) ~ Ei{uo,ui) ~ Ec{uo,ui) ~ Here c is any 

constant in (0,1). Furthermore, if any of the energy above is zero, then we have (uq, ui) — 0. 

2.4 Known Results with a Pure Power-type Nonlinearity 

The defocusing case The problem about the global behaviour of solutions in the defocusing, 
energy-critical case with a pure power-type nonlinearity was completely solved by Grillakis m 
[22] and Shatah-Struwe |47l|48] in 1990’s. 

Theorem 2.21. Let {uo,ui) G x with 3 < d <5. Then the solution to the Cauchy 

problem 

( Au = -|u|4/(‘i-2)u, {x,t)GR^xR; 

< u(-,o) = uo; 

[ dtu{-,0) = ui, 

exists globally in time and scatters. 

The focusing case The global behaviour of solutions in the focusing case is much more 
complicated and subtle. It has not been completely understood. The following result is the 
main theorem in [32) . on the global well-posedness, scattering and blow-up of solutions to the 
focusing, energy-critical non-linear wave equation, as we mentioned in the introduction. 

Theorem 2.22. Let {uq, ui) G H^ xL^(R‘^) with 3 < d < 5. Assume that Ei{uo,ui) < Ei{W, 0). 
Let u be the corresponding solution to the Cauchy problem (CPO) with a maximal interval of 
existence I = {—T-{uo,ui) ,T+ (uo,ui)). Then 

r*; -f/iivuoiiL^ < iiviuih2, then I = R and u scatters in both time directions. 

(ii) //||Vuo||l 2 > ||VIU|h2, then u blows up within finite time in both two directions, namely 


T_(uo, ui) < -boo; 


r+(uo,Ml) < -boo. 
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Nonlinearity with a coefficient Assume that c is a positive constant. If m is a solution to 
the equation 

r — Au = . 

\ {u,dtu)\t=o = iuo,ui)] 

then c^~ u is a solution to the equation (CPO) with initial data ui). This trans¬ 

formation immediately gives us 

Corollary 2.23. Let (uo,ui) € x with 3 < d < 5. Assume that Eciuo,ui) < 

c ~Ei{W,Qi). Let u he the corresponding solution to the Cauchy problem (1101) with a maximal 
interval of existence L = (—T_(uo,mi) ,T+ (uo,ui)). Then 

//IIVM 0 IU 2 <c-^||V1T|U2, then / = M and u scatters in both time direction. 

(ii) //IIVU 0 IU 2 > c-^||VIT||i2, then u blows up within finite time in both two directions, 
namely 


T_(mo, Ml) <-l-oo; T+(mo, Ml) <- 1 - 00 . 


2.5 Technical Lemma 

Lemma 2.24. Let {{wo^n,wi,n)}nei.+ be a sequence in the space x L^(]R‘^). If the norms 
||(wo,n,M;i,„)||^i^j;^ 2 (Rd) are uniformly bounded and ||5'L(t)('u;o,n,M;y„)||y*(R) 0 as n -)■ 00 , 

then the pairs (wo.n, m;i_„) weakly converge to 0 in x L^(R‘^). 

Proof. If the weak limit (wo^n,wi,n) 0 were not true, we could assume (M’o.n, m;i_„) ^ 
(wojMii) ^ 0 in X L^(R‘^) by possibly passing to a subsequence. As a result, we have 
5 'l( t)( m;o, ra, wi^n) ^ iSi,(t)( icq> Wi) in the space F*(R). Thus we have SL(t){wo,wi) = 0 
{wo,wi) = 0. This is a contradiction. □ 


3 Profile Decomposition 

In this section we discuss the profile decomposition and do the preparation work for our com¬ 
pactness procedure. In order to save space we use the notation H for the space x L^(R'^) 
when it is necessary. 


3.1 Linear Profile Decomposition 

Theorem 3.1 (Linear Profile Decomposition). Given a sequence (uo,n,ui,n) € H so that 
||(Mo,nj Mi_„)||/f < A, these exist a subsequence of {uo^n,ui,n) (We still use the notation (uo,n,ui,n) 
for the subsequence), a sequence of free waves Vj(x,t) = SL{t){vQj,vij), a family of triples 
{Xj^„,Xj^n,tj^„) € X R.^ X R, which are “almost orthogonal”, i.e. we have 


lim 


^j' .n 




''J,n 
^j' ,n 




1’ ,n I \lpn 


+ 




A 


■J,n 


-|-C» 


for j ^ j'; such that 

(I) We have the following decomposition for each fixed J > 1, 

J 

(Mo,n) Mi^n) = 0)> ^)) (M’O.n) 

1=1 
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Here Vj^n is another free wave derived from Vj: 




1 




A 


d -'2 ’ J \ \ 

2 \ A 


X — X 


j,n ^ ^j,'n 


A. 


'j,n J ’ ^ 

— Sl (^0,J ) ) 5 


V- 


^ ^j.,n ^ 


(II) We have the following limits regarding the remainder (wq as J ^ oo. 

limsup||5'L(<)(w^_„,wf „)||y(R) -J^O; limsup ||5'z,(i)('u;^_„, wf_„)||iooi 2 *(RxR<i) 0 ; 

n—^oo n—¥oo 


(III) For each given J > 1, we have (the error oj(n) —>■ 0 as n ^ oo) 


IKwO.n, ^ ll^'llff + 

J=1 




Here the notation ||Vj||ff represents \\iVj{-,t),dtVj{-,t))\\H which is a constant independent 

o/t £ K. 

Please see for a proof. There are a few remarks. First of all, the original paper is only 
for the three-dimensional case but the same argument also works for higher dimensions. Second, 
only the limit with Y norm in part (II) of the conclusion is mentioned in the original theorem. 
However, we can substitute Y norm by any Strichartz norm L‘?L’'(K x R'^) with g > 2, as 
mentioned in Page 136 of the paper. Here we use the L°°L^ norm. Finally, the original paper 
proves the theorem under an additional assumption labelled (1.6) there. But this condition can 
be eliminated according to Remark 5 on Page 159 of the paper. 


Remark 3.2. Passing to a subsequence if necessary, we can always assume the following limits 
hold as n ^ oo in addition. 

^j,n — t Aj G [0, oo], —>■ tj G [— oo, oo], Xj^n “ t Xj G U {oo} 

Here Xj^n — t oo means \xj^n\ — t oo. Furthermore, by adjusting the free waves Vj’s, we can always 
assume each of the triples {Xj,Xj,tj) satisfies one of the following conditions 

(I) A, = 0; 

(II) Xj = 1, Xj is either 0 or oo; 


(III) Xj = +00. 

Remark 3.3. A basic computation shows (j j') 
VjA'^'to) \ f Vj',n{-,to) 

dtVjA'M)) ’ \dtVpA-^A 


H 


= ( SlA — tj^n)T^\j^„,x 


V0,J 

Vl,j 


= T 


Ai,n/A, 


'^o,j 

Vl,] 


, SlA — ij',n)TA., „,X., 
.Al 


vo,r 


ri, 






Xj',n 


•3 // H 


H 


Since the triples {Xj^n,Xj^n,tj,n) and {Xj>^n,Xj'^n,tj’,n) are almost orthogonal, we have 


VjA^to) \ / F,',n(-,to) 


n-^oc\ydtVj^ni',to)J ’ \dtVji^ni',to) 
for each to gR. and j j'. 


= 0 


H 
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Lemma 3.4. IfV{x,t) = SLit){vo,vi) be a solution to the linear wave equation with a finite 
energy, then we have the limit 




Proof. By the Sobolev embedding ^ Lf (R^^) and the fact that the linear propagation 

preserves the x norm, it is sufficiently to prove this lemma for each (vo,vi) in a dense 
subset of X L^. Thus we only need to consider smooth and compactly supported initial data. 
In this case the kernel of the wave propagation gives the well-known estimate 


On the other hand the volume of the support of V{-,t) satisfies |Supp(F(-,t))| < 1^1^^ when |t| is 
large. This immediately gives the estimate ||L(-,t)||^ 2 * < \t\~^^'^ and finishes the proof. □ 

Lemma 3.5. For each j we have the limit 

. f 0, iftj = ±oo or Xj = - 1-00 orxj = oo; 

lim / (j)\Vj^n{x,0)\‘^ dx = I J-g^d 4>\Vj{x,tj)\‘^ dx, iftj € R, Xj = 1 andxj = 0; 

y (f[xj)\Vj{x,tj)\'^ dx, iftj G R, Xj = 0 andxj G R^^. 

Proof. By Lemma 13.41 the case tj = ±oo is trivial. Thus we only need to consider the case tj 

is finite. By our assumption —tj^nlXj^n —>■ tj, the fact Vj{-,t) G (^(R; iL^(R'^)) and the Sobolev 
embedding ^ , we have 


Vj,ni;0)-^V, 


■ — Xi 


d-2 ' ] 1 -I 
A . 2 \ ^3,n 

3,n 


1 f ■ 

, Lj 


V,- 


L2* 


^j,n 


0 . 


L2* 


This implies }^\\Vj,ni-,0)\\L2-(^gd.^aco) = 
have 


^ y. f :_ t 

d-2 r j I . , 

A 2 V 

J,n 


. Thus we 


L2*(R<i;0da;) 


lim / (j)\Vj n{x,0)\'^ dx = lim / f) 


The limit can be evaluated as 


1 Xj^n ^ 

d-2 '^3 \ \ ’ 0 

2 \ 


dx 


= lim / (j){Xj^nX + Xj^n)\Vj{x,tj)\'^ dx. 


If Xj = oo, then we can conclude that the limit is zero, by observing \ Vj{x,tj)G G L 
0 < (j>{x) < 1 and the fact that for any £q > 0, we have 

lim \{x : \4>{Xj^nX + Xj^n)\ > eo}| = 0. 


• If Aj < 00 , then the limit can be evaluated by the dominated convergence theorem, because 
for any hxed a: G R'^ we have 


0, 

if Xj < -foo and Xj = oo 

(j){x), 

if Xj = 1 and Xj = 0; 

(j){x3), 

if Xj = 0 and Xj G R^^. 
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□ 


Lemma 3.6. Assume Vi,V 2 G (K.'^). If the pairs 2 ;nez+ satisfy 

^2,n ^l,n 1^1,n X2,r, 


lim , 

n->+oo \Ai_„ A2,n 

then we have the following limit os n —>■ oo 

1 


Ai, 


= oo, 


N{n) = 


{d-2)/2 

l,n 


V, 


X - Xi^n 

Al.n 


• (d-2)/2^2l 


A, 


■2,n 


X - X2,n 


^2,n 


0 . 


L2*/2 


Proof. Let us first define 


VjAx) - ^^d-2)/2^i [ 


JW 




'J,n 


yi,nV2,n I 

L2*/2j 


1&Z+ 


Observing the continuity of the map 

^ : L‘^\W^) X (W^) ^ l°°, $(f/i,t>2) = { 

we can also assume, without loss of generality, that 

\Vj{x)\ < Mj, for any x G Supp(l^) C {x : |a;| < Rj} 

for j = 1,2 and some constants Mj and Rj , because the functions satisfying these conditions are 
dense in the space if (K.'^). If the conclusion were false, we would find a sequence ni < n 2 < 
n 3 < ■■■ and a positive constant Eq such that N{nk) > Eq- There are three cases 

(I) limsupj,_,. 3 o Ai,„j,/A 2 ,nj, = oo. Let us consider the product Vi^„^V 2 ,nk- This function is 
supported in a d-dimensional ball centred at X 2 ,nk with a radius A 2 ,nj,i ?2 since V 2 ,nfc is 
supported in this ball. On the other hand, we have 


Vl,n,V2 

,nk 


d-2 d-2 


< \nl ^2,nl M,M2. 


A basic computation shows 


N{nk) = 




< C{d)MiM2Ri~‘^ ( 

i2*/2(R<i) - ^ ^ 


The upper bound tends to zero as Xi,nk/^ 2 ,nk oo. Thus we have a contradiction. 

(II) limsupj.^j^ ^ 2 ,nk/^i,nk = OO. This can be handled in the same way as case (I). 

\xi,nk ~ X2,nk I 


(III) Ai_„j, ~ A 2 ,nfc- Thus we also have 


Al,ri 


oo. This implies Supp(Vi_„^) O 


Supp(V 2 ,nfc) = 0 when k is sufficiently large thus gives a contradiction. 


Lemma 3.7. For any j j', we have the limit 


□ 


lim ||I^,-„(., 0 )IS-'.n(-, 0 )L 2 V 2 =0. 
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Proof. If tj = ±c», then Lemma 13.41 guarantees 








0 


L2* (Rd) 


On the other hand, we know 

ll^^/,n(-,0)L..(Rd) < \\VVyA-MW < WVjWh < A (11) 

This immediately finishes our proof. Thus we only need to consider the case that tj , tj' are both 
finite. In this case the almost orthogonality of the triples gives 

hm -h - — 

n—^+oo ^j.ri 


By the fact Vj{-,t),Vji {-,1) G C(]R;L^ (R'^)), we have 

- y{d-2)/2^3 ( 

'^j,n \ / 

- ^(d_2)/2^T ( A , yl ’"’^0 




\,n 

-tr 


L2* 




■j' ,71 




0 ; 


—>■ 0 ; 


L2* 


Therefore we only need to show 


lim 

n—foo 


1 




X — Xi 


1 


rV,' 


X — Xi 


1 f ■, 

, Lj> 


= 0 . 


L2*/2 


□ 


(d-2)/2-'^^ A,-„ ’"V ^ \ Ay.. 

This immediately follows Lemma 13.61 
Lemma 3.8. The profile decomposition we obtain above satisfies 

lim [ (j)\uQ ri{.x)\'^ dx = 'S^ lim [ filVj nix,0)\‘^ dx. (12) 

Proof. First of all, we know each limit on the right hand of (na exists by Lemma [3?5] Let us 
first show 

2 * ^ 

dx = 'S^ lim [ (j)\Vj nix,0)\'^ dx. (13) 

^ n-i-oo 

This can proved via an induction by observing (take the value of 1^- „ at t = 0 and let G{u) = 

lup*) 


h 

J 

^ V,,„(a;,0) 

JRJ- 

1=1 


lim sup / 

n^oo J^d 


' J-1 


G -G ^F,,„(-,0) -G(K7.„(.,o)) 


,1=1 


^1=1 
j-i 


(fdx 


< 


lim sup f Vj^n [ G' \ rVj^n + ^Vj^n] dr - Vj^n f G'(TV>.„)dT 

n->-ca J-Rd Jq \ I I JO 


= lim sup / 

n^oo JRd 


,7-1 


Vj,n 


1=1 


1=1 
1 pi 


dx 


J-1 


0 Jo 


G" rVj^n + i" X! ^1’" 


1=1 


dx 


J-1 


2-2 


< lim sup G E II b0',nl(j,n||L2»/2(Rdj 


(R'i) 


, 1=1 


, 1=1 


= 0 . 
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Here we use Lemma 13.71 and the estimate (fTTl) . Next we can rewrite (TT^ into 


lim / (j)\Vj^n{x,Q)f dx 


The conclusion (II) of profile decomposition gives 


1/2* 

j 

= lim 

1 n—foo 

/=i 




limsup = o(J) ^ 0, as J ^ 0. 


1/2* 


By the identity uo.n = ^,n(‘,0) + Wq ,^ and the limits above, we have 


limsup ||uo,„||i 2 *(Rd.,^da;) - o(->^) < I ^ dx 

< liminf ||uo,n||L 2 *(Rd.,^d,,) + o(J) 


Letting J —>■ oo, we finish the proof. 


□ 


In order to further simplify our profile decomposition, we will show that some of the profiles 
can be absorbed by the remainder (wg „, The profiles that can be absorbed are identified 

by the following lemma. 

Lemma 3.9. If the triple {Xj,Xj,tj) satisfies one of the following 

• Xj = oo; 

• Xj < oo and Xj = oo; 

then we have lim ||Vyn||F*(R) = 0- 

Proof. If the lemma failed, we would have a sequence ni < n 2 < ■ ■ ■ < < ■ ■ ■ such that 

||h)>||v*(R) > So for a fixed positive constant eg. By possibly passing to a subsequence, we can 
assume Xj^n^ > 2^ if Xj = oo. We can calculate 




IIPc 

lly*(R) 



— Vj 


X — Xi 


j,n ^ ^ji'^ 


3,n 


^3,n 




"^Pc 


dx 


1/2 


dt 


f [ IfiiXj^nX + Xj^n)\‘^ \Vj {X,t)\^^" dx 

JR UR'^ 


1/2 


dt 


Our assumptions guarantee that (j>{Xj^nkX + Xj^n^) converges to zero almost everywhere in 
Applying the dominated convergence theorem, we know that the integral above converges to 
zero as fc —> oo. This is a contradiction. □ 


Remark 3.10. The argument above works for any energy-critical Strichartz norm L^L’’(R x R'^) 
with q,r < oo as well. 

Now we can substitute the profiles I^’s that satisfy the conditions in Lemma(Aw = oo or 
Xj = oo) by zero, put the error into the remainder (rcg and obtain a modified version of 

the profile decomposition. Please note that those discarded profiles always satisfy the condition 

lim [ <()|y,(s, 0) 12* dx = 0, according to Lemma 1331 

ri->oo J-g^d 


17 















Proposition 3.11 (Modified Profile Decomposition). Given a sequence (uo,n,wi,n) G H so 
that ||(uo,ri)< A, there exist a subsequence of (uo^„,ui^n) (We still use the notation 
{uo^n,ui,n) for the subsequence), a sequence of free waves Vj{x,t) = SL(t){voj,vij) and a family 
of triples {Xj^n,Xj^n,tj^n) G K’*' X X R, which are ’’almost orthogonal”, i.e. we have 


lim 

n—>-+oo 












A 


+ 




A 


•3,'n. 


+00 


for j j'; such that 


(I) We have the decomposition 


J 

(^0,n5^1,n) — ^ ^ 

i=i 


i^j,ni',0),dtVj^ri{',0)) + (Wq^ 



Here Vj^n is another free wave derived from Vj : 


{Vj,n{-,t),dtVj,n(,t)) = 


1 


A' 




X — X 


j,n t tjji 


A 


= SL{t — tj^n)'^\j 


■],n 


A 


•],n 


:dtV, 


i." 


^ ^j,n t tjji 


'J,n 






(II) We have the following limits as n —>■ oo; 


Xj,n —^ Xj G {0, ^j,n —^ Xj G R j — —y tj G [— 00 , oo]. 

Xj,n 

In addition, if Xj = 1, then we must have Xj = 0. 

(Ill) The remainders {wq ^,w(,() satisfy: 

limsup ||5'z,(t)(u;o,„, wf „)||y*(R) 0, as J ^ oo. 

n—¥C<D 

limsup||(u;^^„,wf^„)||ff < 2A. 

n—^oo 


(IV) We have the limits 

OO OO 

^ liminf ||(uo,n,Wl.n)||ff 

n—foo 

lim / (flVj n{x,0)\‘^ dx = lim / (fluo nix)\‘^ dx 

3.2 Nonlinear Profiles 

Given any linear profile decomposition as in Proposition 13. Ill we can assign a nonlinear profile 
to each linear profile Vj. Let us start by introducing the definition of a nonlinear profile. 

Definition 3.12 (A nonlinear profile). Fix </> to be either the function (f or a constant c. Let 
V(x,t) = SL(t){vo,vi) be a free wave and t G [— 00 , 00 ] be a time. We say that U(x,t) is a 
nonlinear profile associated to (V, 4>, t) if U(x, t) is a solution to the nonlinear wave equation 

d(u — Au = 4>F{u) (14) 

with a maximal timespan I so that I contains a neighbourhood of i and 

\irn\\{U{;t),dtU{-,t)) - {V{;t),dtV{-,t))\\H = 0. 

t—yt 

neighbourhood of infinity is (M, oo) or (— 00 , M) 


18 
















Remark 3.13. Given a triple (V, 4>,t) as above, one can show there is always a unique nonlinear 
profile. Please see Remark 2.13 in \33^ for the idea of proof. In particular, if t is finite, then the 
nonlinear profile is simply the solution to the equation (HI with initial data [V{-,t),dtV{-,f)) at 
the time t = t. We will also use the fact that the nonlinear profile automatically scatters in the 
positive time direction if t = +c». 

Definition 3.14 (Nonlinear Profiles). For each linear profile Vj in a profile decomposition as 
given in Provosition \3.1 11 we assign a nonlinear profile Uj to it in the following way 

• If{Xj,Xj) = (1,0), then Uj is chosen as the nonlinear profile associated to {Vj,(p,tj). 

• If Xj = 0, then Uj is chosen as nonlinear profile associated to (Vj,(j){xj),tj). 

In either case, we define 

Uj^n{x,t) — J^Uj ( - , - 

\ 2 V ^ 3 ,n 

3 .n 

Lemma 3.15 (Uj^n is an approximation solution to (CPI)). If Ij is a time interval so that 
ll^tl|y(/') < then the error term 

ej.n = {d‘i - A)[/,-„ - (j>F{Uj,n) 

satisfies the estimate 

lim |lej>||LiL 2 ((t /MxRd) = 0. 

n—^oo V' ji j / ' 

Proof. If {Xj^n,Xj^n) —>■ (1,0). We know Uj satisfies 


dfU, - AUj = cj3{x)F{U,) 


{df - A)t/,-„ = 




^3,n 


nu3. 




Thus we have 




X — Xj^ 

Xj^n 


- fi{x) F{Un,j) 


— II {x) (j){Xj^nX + Xj^n)) ^^iUj)\\j^i ^2(// xR'i) 


^ 0 


Here we use the point-wise convergence (f>{Xj^nX -f Xj^n) 4'i.x) and the dominated convergence 
theorem. Now we consider the case {Xj^n,Xj^n) i^^Xj). Since Uj is a solution to the equation 
dfu — Au = 4>(xj)F(u), we know Uj^n is a solution to the same equation. This implies Cj^n = 
(l){xj)F{Uj^n) — f>F{Uj,n). As a result we have 


l|ej>||LiL2((i^.^^+;V3 n/pxR'i) —\\{4>{Xj) - 4>{x))F{Uj^n)\\L^L^((tj^„+\j,„I'.)xm‘^) 

= \\{(f>{Xj) — 4>{Xj^nX F Xj^n))F{Uj)\\]^l]^2f^ji^,^-g^d-^ —>■ 0 

by the point-wise convergence (p{Xj^nX + Xj^n) —>■ 4>{xj) and the dominated convergence theorem. 

□ 


We also need the following lemmas in order to find an upper bound for the Y norm of Uj.n- 

Lemma 3.16 (Almost Orthogonality of t7j_„). Assume ||t/j|lL 9 L,-( 7 'xR‘^) < oo for j = 1,2. Here 
L'^L^ is a Strichartz norm with q < oo, i.e. we have 

r, 1 d d ^ 

2<q,r <oo; - + - = 

q r 2 
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Lei {(Ai.n, ^i,n)}nez+ ('■nd {(X 2 ^n, X2,n,t2,n)}nGZ+ be two “almost orthogonal” Sequences of 
triples, i.e. 


lim 

n—f+oo 


^2,71 ^ ^ 1^1,n ^2,n| ^ 1^1,n ^2,7 

Al n A 2 n 


= + 00 . 


Al,n Ai^tj 

If In Is a sequence of time intervals, such that In Q (ii,n + Ai_re/() fl (i 2 ,n + A 2 ,nL 2 ), then we have 


N{n) = 

Here Uj^n is defined as usual 


UlnU2- 




—^ 0 , 


as n ^ 00 . 


blj,n — d-2 bJj 


A 


^ ^j,n t tjn 


A 


'3,n 


•],n 


A 




Proof. (See also Lemma 2.7 in [35]) First of all, by defining Uj{x, i) = 0 for i ^ Lj, we can always 
assume /' = R and /„ = R. Observing the continuity of the map 


$ : L«L’'(R X R^) x L«L’'(R x R^) ^ l^, $({7i, U 2 ) 



U2,n 


l^q/2l^r/2 


iGZ+ 


we can also assume, without loss of generality, that 

\Uj{x,t)\ < Mj, for any {x,t) £ R^^ x R; Supp(f7j-) C {(x,i) : \x\, |t| < Rj} 


for each j = 1,2 and some constants Mj and Rj , since the functions satisfying these conditions 
are dense in the space L‘?L’"(R x R"^). If the conclusion were false, we would find a sequence 
ni < n 2 < ns < ■ ■ ■ and a positive constant Eq such that N(nk) > Eq- There are three cases 

(I) limsup;.^oo Ai_nj,/A 2 ,nfc = 00 . In this case the product Ui^nkUi.nt, is supported in the 
((i+l)-dimensional circular cylinder centred at {x 2 ,nk : O.nj,) with radius \ 2 ,nkR 2 and height 
2A2,rtfci?2 since U2,nk is supported in this cube. On the other hand, we have 


Ul,nkU2,nk < \,nl ^2,nl ^1^2- 


A basic computation shows 


iV(nfc) = 


Ul,nkU2,i 


< C{d)MiM2R2 


.d-2 


'2,nk 


Ai. 


L9/2L7/2(RxRd) 

The upper bound tends to zero as Xi^n^/^ 2 ,nk oo. Thus we have a contradiction. 

(II) limsupj,^oo A 2 ,nfc/Ai,nfc = oo. This can be handled in the same way as case (I). 

(Ill) ~ ^ 2 ,nk- By file “almost orthogonality” of the sequences of triples, we also have 

~ 2;2,nfe I 1^1,71), ~ O.nj, | 


Ai, 


Ai. 


00 . 


This implies Supp({7i_7n,) O Supp(t/ 2 , 7 tfc) = 0 when k is sufficiently large thus gives a con¬ 
tradiction. 


□ 
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Lemma 3.17. Let /j be a time interval such that \\Uj{x,t)\\Y(i'^) < oo. Suppose {Jn} is a 

sequence of time intervals, so that Jn C + Xj nij) holds for sufficiently large n. Then 

we have 


lim 

n—^co 


F 



j 


i=i 

/ J 


\ 1/Pc 


lim sup 

n—>-oo 


E 

i=i 


< 

YiJr,) 


U=1 


mr 


3\\Y{I') 


= 0 . 


Proof First of all, for any J > 2 we have 


lim 


= lim 

n—>oo 


= lim 

n—¥oo 


' J-1 


^ -PiUjn) 


U'=l 


J-1 


LiL2(J„xR‘i) 
1 


Uj,nl^ F' IrUj^n + J^UjAdr - Uj,n F\TUj,n)dT 


L^L^iJn 


J-1 


Uj^n ^ ^ I Tllj^n + T E Uj^n I dfdr 


i=i 


' J-1 



J-1 


J=i 


L^L'^iJnXl 


Pc-2 


— I ^ ^ \\^J,n^3,n\\LPc/^LPc{J„xK.<‘) 1 I ^ ^ II II V( Jn) 


^J-1 


Vf=l 

J 


Pc-2 


< lim E \\Uj,nUj^n\\LPc/2LPc(J„xR'^) E ll^jll’^(^j) 


vi=l 


0 = 1 


= 0 . 


In the final step we apply Lemma 13.161 As a result we can prove the first limit by an induction. 
The second limit is a corollary. 


lim sup 

n—>oo 


E 

i=i 


= lim sup 

n—foo 


Y{J„) 


F\Y.U3,n 

i=i 


LiL2(j^xR‘^) 


= lim sup 


,7 




j=i 

J 


LiL2(J„xR‘^) 

< lim sup |Elim-,n)ll L^L'^iJnXR'l) 


J 


= limsup E ll^^iJ 


\Pc 

ly(Jn) 


<Ell^: 


0 = 1 


Pc 

llly( 7 ')- 


i=i 
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Lemma 3.18 (Energy of a Nonlinear Profile). Let Uj be the nonlinear profile as above. Then 
we have the energy defined by 


E[Uj) = 


U\'^Ujix,t)\^ + ^\dtUj{x,t)\‘^ - ^\Uj{x,t)f^ dx, ifXj = 1; 

/«■* {h'^Ujix,t)\^ + ^\dtUj{x,t)\‘^ - ^^p^\Uj{x,t)f^ dx, ifXj = 0; 


satisfies 


EiUj) = -\\V, 


-lim 

2* n—fcx) 


’R<^ 


0)p dx. 


Remark 3.19. According to our definition of nonlinear profiles, the energy defined above does 
not depend on the time t. 


Proof. There are two cases. 


Case 1 If tj = + 00 , then the definition of the nonlinear profile gives 


lim 


f Ufi;t) \ 

_ ( Vj{;t) \ 

\ptUj{-,t)) 

\dtVji-,t)) 




= 0 . 


(15) 


By the Sobolev embedding, we also have \\Uj{-,t) — Vj{-,t)\\i^ 2 * —?> 0 as t —>■ +oo. Applying 
Lemma m we obtain 

lim / \Uj{x,t)f dx = 0. 

t-H-oo J^d 

Combining this with (Ha, we can evaluate the energy at larger and larger times t and obtain 
E{Uj) = This finishes the proof, since we also know 

lim / \Vj^n{x,0)1“^ dx = lim / \yj{.x,—tj^n/Xj^n)\'^ dx = Q. 

n->oo Jjgd ’ n^oo J^d 

The same argument works if = — oo. 


Case 2 If tj is finite, we can immediately conclude the proof if we evaluate the energy at t = tj 
by using Lemma 11131 and the fact {Uj{-,tj),dtUj{-,tj)) = {Vj{-,tj), dtVj{-,tj)). □ 

Combining Lemma 13.181 and part (IV) of our modified profile decomposition (Proposition 
EUl), we obtain 

Corollary 3.20. Let Uj’s be the nonlinear profiles with energy E(Uj) as defined above. Then 
we have the inequality 

CO 

E E{Uj) < liminf A 0 (uo.„, ui „). 

n^oo 


4 Compactness Procedure 

In this section we prove the following proposition 

Proposition 4.1. Assume that (j) satisfies the condition ©• If the statement SC(4>, M) breaks 
down at Mq < i?i(lT, 0), i.e. the statement holds for all M < Mq but fails for any M > Mq, 
then there exists a critical element u, which is a solution to (CPI) in the focusing case with 
initial data (uo,ui) such that 

• The energy Ej,(uo, ui) = Mq; 
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• The solution exists globally in time with ||u||y*([o,oo)) = ll'^llr*((-oo.o]) = +oo. 

• The norm ||(M(-,i),Wt(-,i))||^ixL 2 (Rd) < ||VVF||i 2 for each t gR. 

• The set {{u{t), dtu{t))\t G M} is pre-compact in x 

Remark 4.2. The compactness procedure in the defocusing case is similar. We can substitute 
the statement SC(4>, M) and Proposition ]^.!] by the statement SC’(4>, M) and Proposition ]^.^] as 
below. 

Statement 4.3 (SCfcj), M)). There exists a function fS : [0,M) —>■ K.'*', such that if the initial 
data (uo, ui) G x L^(R'^) satisfy E^{uo, ui) < M, then the corresponding solution u to (CPI) 
in the defocusing case exists globally in time, scatters in both two time directions with 

l|M||r(R) < l3iE^{uo,ui)). 

Proposition 4.4. Assume that cj) satisfies the condition ([T|). If the statement SC’((j), M) breaks 
down at Mq, i.e. the statement holds for all M < Mq but fails for any M > Mq, then there 
exists a critical element u, which is a solution to (CPI) in the defocusing case with initial data 
(mo, Ml) such that 

• The energy E,j,{uo, ui) = Mq; 

• The solution exists globally in time with ||M||y*([o,oo)) = ||'^llr*((-oo.o]) = +oo. 

• The set {{u{t), dtu{t))\t G M} is pre-compact in x 

4.1 Set-up of the Proof 

If the statement SC(0, M) breaks down at Mq < Ei(W, 0), then the statement SC{4>, Mq + 2“") 
is not true for each positive integer n. Fix a positive integer Nq so that Mq + < £'i(IF,0) 

for each n > Nq. Under these assumptions we have 

Lemma 4.5. We can find a sequence of solutions {un}n>No with initial data (Mo,ra,Mi_„) G 
X such that 

(I) ||Vuo,n|lL 2 < ||VlU|h 2 and E,p{uQ^n,ui^ri) <Mo + 2“”; 

(II) Let {—T-{uo^n,ui,n),T+{uQ^n,ui,n)) bs the maximal lifespan of Un. We have 

ll'Un||v*((-T_(lio,n.^il,n),0]) > S"; ||M„||y*([o,T+(«o,n.«i,n))) > 2". 

Proof. Given n > Nq, let us first show there exists a solution with initial data (vo^n,vi^n) and 
maximal lifespan (—T_,T+), so that part (I) of the conclusion above holds and 

lhn||v*((-r-,T+)) > 

If this were false, then the statement SC{Mq + 2“") would be true, because we could find a 
universal upper bound for Y norm as well, according to Remark I2.I0I and Remark l2.20l Next we 
can pick a time Iq G (-T_,r+), so that ||M„||y*([tj,,T+)) > 2"' and ||M„||r*((-T_,to]) > 2"'. Finally 
we finish the proof by choosing 


(Mo,n : ’^l.n) — (Tti (*; tg) , dtVni.' ^ ^0 )) ? Wji (‘, t) — Vji (*, t “t“ to) ■ 

Note that the conservation law of energy and Lemma 12.191 guarantee the new initial data 
(Mo,„,Mp„) still satisfy (I). □ 
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Application of the profile decomposition Let us consider the solutions Un and initial data 
(uo,n,wi,„) given above. According to Lemma [2.191 there exists a constant 0 < <5 < 1, such that 


holds for large n. Thus we are able to apply the linear profile decomposition ('Proposition 13. Ill) 
on the sequence {(uq,™, ■wi,n)}nez+) then assign a nonlinear profile Uj to each linear profile Vj as 
we did in the previous section. Finally we obtain the decomposition (J G Z’*') 

J 

Ui^n) 'y 0); 0)) + ('a’o.n! 

i=i 

= (S'j.n(-,0),dtS'j,„(-,0)) + (16) 

Here {(uo,n, ■ui_„)}„gz+ is actually a subsequence of the original sequence of initial data, although 
we still use the same notation. One can check that the conclusion of Lemmastill holds for this 
subsequence (along with the corresponding solutions u„). The notations Sj^n and (wq ^,w( 
represent 


Sj,n = 


J 

^l,n) + 0) ~ Uj^n{', 0), dtVj^ni', 0) — dtUj^ni', 0)) . 

i=i 

By our definition of nonlinear profiles, we have (j G Z’*') 

Thus we still have 


limsup \\SL{t)iw^^^,wl„) 


0, cis J —y Oi 


limsup < 2||V1 F||l2. 

n—¥co 

In addition, part (IV) of the conclusion in the profile decomposition gives 

OO 

^ IIV.III, < hminf ||(uo,„,ui,„)||l, < (1 - 

n—¥oo 


(17) 

(18) 

(19) 


By the definition of nonlinear profiles, we also have 


hm \\{U,{;t),dtU,{-,t))\\H = \mH. (20) 

t—ftj 

Combining m and (EHl), we obtain 
• For each given j, we have 

hm \\iU,i;t),dtU,i-,t))\\H < (1-5)||V1F|U2 (21) 

t—¥tj 

According to Remark 12.201 we have E{Uj) > 0 unless Uj is identically zero. By Corollary 

OO 

13.201 we also have ^ E(Uj) < Mg. 
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• As j ^ oo, we have 


,1™ \\{Uj{-,t),dtUj{-,t))\\H = WVjWh 0. 

t—ftj 

Thus we know Uj is globally defined in time and scatters with ||t/j|lv(R) ^ for each 

sufficiently large j > Jq. Combining this upper bound on ||tj ||y(R) and the inequality (TT^ . 
we have 

OO 

E ll^.■llnR)<'^• (22) 


4.2 The Extraction of a Critical Element 


In this subsection, we show there is exactly one nonzero profile in the profile decomposition, 
whose corresponding nonlinear profile is exactly the critical element we are looking for. We start 
by proving 

Lemma 4.6. If each nonlinear profile Uj we obtained in the previous subsection scatters in the 
positive time direction, then Un scatters in the positive time direction for sufficiently large n > Nq 
and 

sup ||Wn||v*([0,oo)) < OO. 
n>No 

Proof. Let us consider the approximate solution 5'y„ = J2j=i ^j,n which satisfies the equation 


{dt - A)S,pn - (fFiSj^n) = ej_„, t e [0, oo) 


with the error term 


e 


/ _ 

J,n 




j 


+ E[(5?-A)C/,v 

t=i 




and the initial data {nQ^n,ui,n) = 0), 0)) + {wq .,f). We use the notation 

Ij for the maximal lifespan of Uj. By our assumption on scattering we can choose an interval 
Ij C Ij for each j as below so that ||Cj||Y(/j) < oo, 




{—oo, oo) if j > Jo or tj = —oo; 

[t~ ,oo) if j < Jo and tj > —oo, here t~ G Ij is a time smaller than tj. 


One can check that [0, oo) C Xj^nl) + holds for all j G as long as n is sufficiently large. 
Thus we can apply Lemma 13.151 as well as Lemma 13.171 and obtain for each J 


lim |[ II L^L 2 ([ 0 ,oo) 


limsup||S'j,„||^([o_^)) < Eii*^^- llv(7' 


U = 1 



Here we use our estimate (1^^ . Let 


< oo. 


(23) 

(24) 


l/Pc 


Mi= lEii^^-i 


Pc 

y{p) 


+1 
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and £0 = £o(Mi) be the constant given in the long-time perturbation theory ^Theorem 12.151) . 
Let us first fix a Ji so that limsup ||S'z,(t)(u;Q’„, ||y*(R) < £o/2. Using this upper limit as 

n—¥C<D 

well as (l23ll and (l24ll . we can find a number Nq G such that if n > iVo, then 

l|6ji,rallLi-L2([o,oo)xR‘^) < ^o/2; ll'S'L(0(^o.ni''^pn)lk*(R) < £o/2; 

/ oo \ 

ll^^i,»llv([0.oo))<^l= +1- 

These estimates enable us to apply the long-time perturbation theory on the approximation 
solution initial data {uo^n,ui,n) and the time interval [0,oo), and then to conclude Un 

scatters in the positive time direction with 

ll^n||v*([0.oo)) < l|5'ji,n||v*([0,oo)) + IWn — 5'ji ,n || V* ([O.oo)) < -^1 + C{Mi)£q < OO 
for each n > Nq. □ 


Critical Element Because we have assumed that ||un||y*[o,T+(uo „.«i „)) > 2", Lemma 
implies that there is at least one nonlinear profile, say Uj^, that fails to scatter in the positive 
time direction. In addition, the limit (1^ implies ||VC/jo(-,t)||j ;,2 < ||VlU||j ;,2 when t is close to 
tjg. According to our assumption that SC{(j),M) is true for any M < Mq and Corollary 12.231 
we obtain 


EiUjo) 


> Mq, if \jg — 1; 

>E^{W,Q)>Mq, ifAj„=0. 


Combining this with the already known facts that E{Uj) < Mq and E{Uj) > 0 (please see 
the bottom part of Subsection 14.II) . we obtain that 


• ITju is a solution to (CPI) with an energy E{Uj^) = E^(Ujf^,dtUj^) = Mq. 


• Ujg is the only nonlinear profile with a positive energy; 

• Any other profile Uj is identically zero; 

• By Lemma [2. 191 the inequality \\{Ujg{-,t),dtUjg{-,t))\\H < ||VlU||i 2 holds for all time t in 
the maximal lifespan. 


Remark 4.7. A similar result as Lemma holds for the negative time direction, because 
the wave equation is time-invertible. This implies that Ujg fails to scatter in the negative time 
direction as well. A direct corollary follows that tjg is finite. 


4.3 Almost Periodicity 

Let u be the critical element {Ujg) we obtained in the previous subsection and I be its maximal 
lifespan. In this subsection we prove that 

Proposition 4.8. The set {{u{-,t),dtu{-,t))\t € /} is pre-compact in x 

Proof. Given an arbitrary sequence of time {fn}nez+ so that tn G /, we know = u{-,t-\-tn) is 
still a solution to (CPI) with initial data (uo.n, ui^n) = tn)) at the time t = 0. This 

sequence of solutions still satisfies the conclusion of Lemma H751 Thus we can repeat the process 
we followed in the previous subsections. Finally we can find a subsequence {unfc}fcez+ with a 
single linear profile Vi, a single nonlinear profile Ui and a sequence of triples xi^k,ti^k) 

such that 

(a) (no,„fc,ui,„J = (C/yfe(-,0),5tl7i,fc(-,0)) -I- (wo,fc,wi.fc); 
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(b) limsup ||S'L(i)(wo.fe, wi,fc)||r*(R) =0; 

k—^oo 

(c) Ai^fc —>■ 1, xi^k 0 and —ti^k/^i,k —>■ ii G K; 

(d) E^{Ui,dtUi) = Mo and limsup ||(wo.fc, wi.fc)||ff < 2 \\VW\\l 2 ; 

k—^oo 

(e) By the fact Lemma 153] and part (IV) of Proposition 13.Ill we have 

/ (j){x)\Ui{x,ti)f dx = lim / (j)\uo^nk{x)\^ dx. 
jRd jR'i 


Now let us prove that (uo.nicj converges to ({7i(-, ti),9t?7i(-, ti)) strongly in iL, as fc —>■ oo. 

First of all, the condition (c) above implies that 


(17i,fc(-,0),5t{7i,fc(-,0)) -)> {Ui{-,ti),dtUi{-,ti)) strongly in H (25) 

Thus we can substitute Condition (a) above by 

[no ,nk ; Ui ) = ([/i(-,ti),5t[/i(-,ti)) + (wo,fc,wi,fe) (26) 

Here the remainders {wo,k,wi^k) may be different from the original ones, but they still satisfy 
the same estimates in (b) and (d). According to Lemma [2.241 we know {wo,k,wi^k) converges to 
zero weakly in H. Thus 


lim (([/i(-,ti),(9tl7i(-,ti)), (wo.fc, wi,fc))jj = 0. (27) 

fc^oo 

In addition, using Condition (e) and the fact E^{Ui{-,ti),dtUi{-,ti)) = Mq = i?,^(no,nfc,ui,nfc), 
we obtain 

lim |l(no,n,,Mi,„J||ff = ||(C/i(-,ti),atC/i(-,ti))||^. (28) 

k—^oo 

Finally we can combine (1^ . (I?7)l and (E51) to conclude that lim ||(u)o,fe)h)i,fe)||_f/ —>■ 0, which 

k—¥oc 

is equivalent to the strong convergence of ( 77 , 0 ,^*, 7 wi.rtfc), namely the strong convergence of 
(u(-,<„),5tu(-,t„)), in light of (HH])- □ 

4.4 Global existence in time 

According to Remark l2.16l the almost periodic property guarantees the existence of a constant 
T > 0, such that if t is contained in the maximal lifespan I of u, then {t — T,t + T) C I. This 
implies / = M. Collecting all the properties of the critical element u we obtained earlier, we can 
conclude the proof of Proposition 14.II 

5 Rigidity 

In this section we show that the critical element obtained in the previous section can never exist, 
thus finish the proof of the scattering part of our main theorem. There are two cases. 

• In the defocusing case, A Morawetz-type estimate is sufficient to finish the job. 

• In the focusing case, we follow the same idea as Kenig and Merle used to eliminate the 
critical element for the equation (CPO) in the paper [32] . 
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5.1 The Defocusing Case: A Morawetz-type Estimate 

In this subsection we introduce the following Morawetz-type estimate and use it to “kill” the 
critical element. 


Proposition 5.1 (A Morawetz-type Inequality). Assume (j) S satisfies the condition ([T]) 

and 

, , ,, , (d — 2)x ■ V fiix) ^ 

f]{x) = 4>{x) -2(d^M)- - ^ ^ ^ ^ 

Let u be a solution to the Cauchy problem (CPI) in the defocusing case with initial data (uq, ui) G 
X and a maximal lifespan (—T_,T-|_). Then we have 



. . \ur 2d , . 


The idea of proof The main idea is to choose a suitable function a(x) and then apply the 
informal computation 


d f ^ Aa\ , 

— / UtlVa-Vu-|-M - I dx 
dt Jmd V 2 


: f [Vu • D^a • (Vu)^] dx — i / (lupAAa) dx-I- 
dR‘i 4 dRrf 


—(pAa — 1 dx, 

'Rrf \d 2* 


for a solution u to (CPI) in the defocusing case. In order to obtain a Morawetz inequality, 
the same idea has been used in [1^ for the defocusing wave equation with a pure power-type 
nonlinearity and in |49] for the defocusing shifted wave equation on the hyperbolic spaces. Here 
we choose the function a(x) = |x| = r, which satisfies 

Vo = —; Aa = -; D^a > 0; VAo = - - AAa < 0. 


Since the original solution does not possess sufficient smoothness, we need to apply some smooth¬ 
ing and cut-off techniques. Please see sails] for more details on this argument. 


Nonexistence of a critical element Applying Proposition 15.11 we obtain a global integral 
estimate 


/ \ 2d , , 

ri{x)——dxdt < - — -LAuo, ui) < oo 
1 X d — 1 


for the critical element u. However, we know that this integral should have been infinite by the 
almost periodicity, as shown in the lemma below. This gives us a contradiction and finishes the 
proof in the defocusing case. 


Lemma 5.2. Assume that /3(x) is a positive measurable function defined on R.'^. Let u be a 
critical element of (CPI), either in the focusing or defocusing case, as given in Proposition 
or Proposition \4-4\ Then for any given t > 0, there exists a positive constant 5i, such that the 
following inequalities hold for any tg G R. 



|Vu(x, t)pdxdt > di. 



/3(x)|up dxdt > 


Si. 


Proof. If the lemma were false for some r > 0, then there would exist a sequence of time {tn}nGZ+ 
such that 



|Vu(x,t)|^dxdt < 2 " 


or 



/3(x)|it(x, t)p dxdt <2 ". 


(29) 
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By the almost periodicity we know the sequence {(u(-, <„), Ut(-, tra))}nez+ converges to some pair 
(z;o,ui) strongly in the space x Let v be the corresponding solution to (CPI) with 

initial data (vo,vi) and ti S (0,t] be a small time contained in the lifespan of v. Thus we have 
ll^l|y([o,Ti]) < oo. Applying the long-time perturbation theory on the solution v, the time interval 
[0,Ti] and the initial data (u(-, t„), U((-, t„)), we obtain that 

lim sup ||u(-,tn-f t) - = 0, lim ||u(-,--f - u||v.([o,ri]) = 0. 


Combining this with our assumption (EH), we obtain 



|Vu(a;, t)l^dxdt = 0 


or 



f^{x)\v{x,t)\^ dxdt = 0. 


In either case we have v{x,t) = 0 for t G [0, ri]. As a result we have (uo,ui) = 0, in other 
words, —>■ 0. Thanks to Proposition 12.121 this immediately gives a 

contradiction. □ 


5.2 The Focusing Case 

The idea is to show the derivative 


_d 

dt 


/ {x ■ \7u)ut(pRdx 
Js.<‘ 


d 

2 


UUtlfiRdx 


has a negative upper bound but the integral itself is bounded, which gives a contradiction when 
we consider a long time interval. Here ifR is a cut-off function defined below and the parameter 
R is to be determined. It is necessary to apply the cut-off techniques here since the functions 
{x ■ '\/u)ut and uut may not be integrable in the whole space. 


Definition 5.3 (Cut-off function). Let us fix a radial, smooth, nonnegative eut-ojj funetion 
(^ : —>• [0,1] satisfying 


if{x) 


1 , if\x\ < 1; 
0 , if\x\>2- 


and define its rescaled version 


‘Lr{x) = ‘f{x/R). 


Definition 5.4. If R> 0, then we define 


k{R) = sup [ (\ut{x,t)\'^ + |Vu(x,t)p -I- -I- |u(x,t)p*^ dx 

tmJ\x\>R\ Hr / 


Lemma 5.5. Let u be a eritical element as in Proposition E3 Then k{R) is bounded and 
converges to zero as R ^ oo. 

Proof. This is a direct corollary of the pre-compactness of {{u{-,t),dtu{-,t))\t G M} and the 
Hardy Inequality. □ 

Lemma 5.6 (Hardy Inequality). Assume f G We have 


l/(^)P 


dx 




1/2 


< 


I Al(R<i)- 
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Lemma 5.7 (Calculation of Derivatives). Fix R > 0 and let (pn be the cut-off function as in 
Definition \5.S[ . We have the following derivatives in t 


d 

dt 


Jr'^ 


d 

dt 


(x ■ 'S/u)utPRdx 


— </>|up ^ dx 


U \u,\^dx+^f 

^ JR'^ ^ JR’i 

~ ^ 0{k{R))\ 


Ir<^ 


(pRUUtdx 


Jr<^ 


\ut\'^dx — j ^|Vup — (j)\u\^ dx + 0 {k{R)). 


Here 0 {k{R)) represents an error term that can be dominated by a constant multiple of k{R). 

Proof. We can always work as though u is a smooth solution to (CPI) by smoothing techniques. 
The idea is to apply integration by parts 


d 

dt 


/B'i 


{x ■ 'Vu)ut(pRdx 


= / {x ■ Wut)utipRdx-i- / {x ■ Wu)utt‘PRdx 

jR'i JB'i 

I p>rx ■ V{\ut\'^)dxj {x ■ \7u){Au(j)\u\'^^^^~'^^u)(pRdx 
2 jRd Jr'1 

= ~^[ PnWtl^^dx-^ [ (y-pR-x)\ut\'^dx 
^ jRd. Z J^d 


/ V{(pRX ■ Vu) ■ Vudx— / ipji(j)x ■ )dx 

Ir<^ 2* J^d 


— [ \ut\^dx + 0 {k(R)) F Ii + I 2 

^ JB'i 


(30) 


In the calculation below, we let Ui, utj represent the derivatives 


du dh 


have 


dxi dxjdxi 


, respectively. We 


Ii = — \7 {prx ■ Vu) • Vudx 
Jr'^ 

= - y2 f (+ PRSijUiUj + pRXiUijuA dx 
i,j=l ' 

= - [ fR^ul^^dx - ^ [ prx ■V{\Vu\'^)dx + 0 {k{R)) 

JB'* 2 Jg^d 

= — f |Vup(ix+^ / (/jfliVupdx + i / {x ■'VpR)\yu\‘^dx + 0 {k{R)) 

JRii 2 Jgd 2 Jgd 

iVupdx + 0{k{R)) 


d-2 


/ PRy-^{\u\^ )dx 

^ ./rod 


^Rfi\u\'^*dx-^ [ {V(j)-x)pR\u\'^’‘dx-[ {VpR-x)(j)\u\'^* dx 
JB<i 2 jRd Z Jgd 

4>\uf dx — — I y(j) ■ x)pr\u\'^ dx + 0{K{R)). 

2* jRd 


d 
2 

d-2 


Plugging Ii, I 2 into (1501) . we finish the calculation of the first derivative. The second derivative 
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can be dealt with in the same manner: 


d 

dt 




(fRUUtdx 


/ ipR\ut\^dx+ / ipRUUttdx 
iR’i JB'i 


\ut\‘^dx+ ( (p_rm(Au + ‘^"'u)dx-\-0 {k{R)) 

Jr^ 


= / \ut'\^dx— / (fR\Vu\'^dx + / ipR(j>\u'\^ dx + 0 {k{R)) 

Jr^ Jr<>' Jr^ 

= f \ut\‘^dx — ( (^\Vu\^ — (j)\u\^ \ dx + 0 {r{R)). 

Jr^ Jr'>' ^ ' 


□ 


Nonexistence of a critical element Now we can show that a critical element does not exist 
in the focusing case. Consider the function [R > 0) 

GR{t)= [ {x-Vu{x,t))ut{x,t)(fRdx+^ [ ipRu{x,t)ut{x,t)dx. 

Jr<>- ^ JR<^ 

Applying Lemma 15.71 we obtain 

G'Rit) = ~ J^ dx - ^ J{W(j) ■ x)|upVfl dx + 0 {k{R)) 

= - f (|VmP - |Mp*) da; - / {1 - (l))\u\‘^*(pRdx - ^ [{Vcj) ■ x)\u\‘^''ipRdx + 0 {k{R)) 
C{E) f \Vu\^dx-^ f [2*{l-^) + iW^-x)]\uf^Rdx + 0{K{R)) ( 31 ) 

jRd ^ jRrf 


< - 


In the last step above, we apply ProDOsition l2.19l The positive constant G{E) only depends on 
the energy E = Efi,(u,ut), but not on t or R. According to our assumption that 2*(1 — (/>(a;)) + 
(x • V^(x)) > 0 holds for all x S the integrand of the second integral in (IHTl) is always 
nonnegative. Thus we have 


G'rH) < -G{E) [ iVupdx + 0(K(i?)) 
Jr'^ 


for all i? > 0 and t G R. Fix r > 0 and let di be the constant in Lemma Since lim k(R) = 0, 

R—^oo 

we can fix a large R so that 

G'R{t) < —C{E) [ jVupdx + for any f G M. 

jRd 2t 

Integrating both sides from t = 0 to t = nr for an positive integer n and applying Lemma |5.21 
we obtain 


GR(nr) - Gr(0) < -G(A) / / \yu\^dxdt 

Jo Jr’^ 


G(A)(5i 


■ nr < — 


G(A)<5i • n 


2 r - 2 

This is impossible as n —>■ oo, because |GR(t)| has a uniform upper bound for all t if we fix R. 

\GR{t)\<R[ (|Vu(x,t)|^ + |ut(x,t)p) dx + / (|u(x,t)p + |ut(x, + l) dx 

dRd d|x|<2R ^ ^ 

<RE + E + R‘^. 


Here we need to use Remark 12.201 
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6 Finite Time Blow-up 

In this section, we prove the second part of my main theorem. Namely, if ||Vuo||l 2 > ||VW||i 2 
and Efj,{uo,ui) < Ei{W,0), then the corresponding solution to (CPI) in the focusing case blows 
up within finite time in both two time directions. Since our argument here is similar to the one 
used in section 7 of m, we will omit some details. 


The idea If the initial data uq G then the blow-up of the solution u can be proved 

by considering the function y{t) = \u{x,t)\'^dx and showing that this function has to blow 

up in finite time. In the general case, we have to use a cut-off technique. Let us assume 
T+(uo,ui) = - 1-00 and show a contradiction. Applying integration by parts and smoothing 
approximation techniques, we have 


Lemma 6.1. Let ^pr^x) be the cut-off function as given in DeRnition \5.,‘A If we define ynit) = 
\u{x,t)\'^(pR{x)dx, then 




y'ji{t) = 2 ut{x,t)u{x,t)(pR{x)dj 


vUt) = - 


M r 

d — 2 J^d 

4 
-h 




d-2 


ipndx - 

/ \Vu\^{pRdx — 2 / (Vit • 'S/ipR)udx. 
JR'i dRrf 


4(rf-l) 

d-2 


R<i 


\utf(pRdx 


Tail Estimate In order to dominate the error of the integral created by the cut-off, we need to 
make a “tail” estimate. First of all, for any given initial data (uq, ui) € x we always 

have 

lim ||((I-(/3R(a;))uo,(l-(/?R(a;))ui)||^i^^2(Rd) =0. 

H—¥oo ^ ' 

Thus for any e > 0, there exists a number i?o = i?o(£), such that 

ll((l - P>Ro(.x))uo, (1 - V5iio(a;))Ml)||ffixL2(Rd) < e. 

When e is sufficiently small, our local theory guarantees that the solution ur^ to (CPI) with 
initial data ((1 — ipRg{x))uo, (1 — (pRg(x))ui) exists globally in time and scatters with 

SUp||(uRo(-,<),atURo(-,t))||^ix^2(Rd) < 2 £. 

As a result, we have the following estimate for each t G R: 

[ f|VuRo(a;,t)p -f \dtUR„{x,t)\'^ -f \uRo{x,t)\‘^* -f dx < Ce^. 

dR<i \ Fl / 

Here (7 > 1 is a constant depending only on the dimension d. Since our cut-off version of initial 
data ((1 — ipRg{x))uo, (1 — ipR„(x))ui) remain the same as the original initial data (uq, ui) in the 
region {x : |a:| > 2i?o}; finite speed of propagation immediately gives 

[ (\Vu{x,t)\‘^ -\-\dtu{x,t)f -\-\u{x,t)\‘^ -I-£^ 3 : < ( 7^2 ^g 2 ) 

J \x\>2Ro(e)-e\t\ \ FI / 
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Proof of the blow-up part If i? > 2Ro{e) and t G 2i?o(£)]) then we can combine 

Lemma 16.11 with the tail estimate (15^ and obtain 

yUt) = --^E^u^ut) + [ \ut\'^ipRdx+-^ f \yu\^dx + 0{e^). 

a — z a — z jjg,d a — z 

We have already known E^{u,ut) = E^{uo,ui) < ifi(W,0). In addition, we claim that the 
inequality \\Vu{-,t)\\R 2 > ||VW||i 2 holds for all t > 0. Otherwise we would have ||Vmo||l 2 < 
||VW||l 2 by Lemma [2.191 Using these inequalities and the identity llVTUH^a = d ■ ifi(TU, 0) we 
can find a lower bound of the second derivative 

yRi.t)>-^^{Ei{W,0)-E^{uo,ui)) + ^^^—^ ( \ut\^ipRdx 

a — z a — z jg^d 

+ ^ \VW\^dx -d-Ei (W,0)^ + 0{e^) 

>S+^ — \ut\'^‘PRdx - Cie'^. 

a - z Jgd 

Here the constant Ci is determined solely by the dimension d while 6 can be arbitrarily chosen 
in the interval ^0, (£'i(IU, 0) — E^{uo, ui))^. Let us fix d <C 1 and e = so that 

6-Cie^ = d-CiS^>S/2, d<min|c,^,^(Ui(tU,0)-U^(uo,ui))| (33) 


Here C is the constant in the inequality (15^ . As a result we have if i? > 2i?o(d^) and t S 
[0,A- 2i?o(d2)], then 


y'kii) > 


4(d-l) 
2^ d-2 


/R<i 


\ut\^ipRdx-, 


y'k{t)yRit)>'^[y'Rm^- m 


In addition, we have the following estimates on 2/^(0) and |2/)j(0)|. In the integrals below H 
represents the region {x : 2i?o(d^) < |a;| < 2R}. 


2/ii(0) < j 

|yk(0)l <2 
<2 


\x\<2Ro{S^) 

I 

J\x\<2Ro{S^} 


\uo\'^dx + 4i?^ 


|woP 


in dx < 

. z 


|uo|^da; + 4C'd^i?2- 


'|i:|<2flo(<5U 
1/2 


\uo\ ■ \ui\dx + 2 ^AR"^ J ^-j^dx 

|mo| • |ui| dx + ACS'^R. 


1/2 


J\x\<2Ro{S^) 

As a result, we always have the following estimates for sufficiently large R > Ri: 
yR{0) < 5C(5^i?2; |y)^(0)| < 5C6‘^R] R > I00i?o((5^). 


(35) 


Let us consider to{R) = min{t : 0 < t < 12Cdi?, y'git) > CS'^R} for such a radius R. This is 
well-defined since we know 12C'i5i? < I2A/I00 < R — 2Ro{6'^) and 

c 

y'g{12CSR) > y'g{Q) + 12CSR ■ inf y'^{t) > -5C(5^i? -f 12C'di? • - > CS'^R. 

0^t^l‘2C6R A 


In addition we have 


yRitoiR)) < yfl(O) -f to{R) ■ max yk{t) < bCS^R.'^ + 12CSR ■ Cd'^R < IIC^S^R^. (36) 

{R) 
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Now let us define ZR{t) = 


Vnit) 

ynit) 


for t € [to{R), R—2Ro{S^)]. The function ZR{t) is always positive. 


By the estimate (I5S|) and the definition of to{R), we have z{to{R)) > 
Combining basic differentiation and the estimate (13411 . we have 


, ymvRit) - [y'Rit)? . 1 


ynit) 


1 2 


ynit) 


1 


d-2 


CS^R 1 

17C2<53i?2 - ncSR' 


4W- 


y\{t) ' d-2 

for any t S [to(.R)) R — 2i?o((5^)]- Dividing both sides by z\{t) and integrating in t, we obtain 
1 1 1 


> 




z{to{R)) z{R - 2Ro{5^)) - d-2 
Using the upper bound of to{R), the lower bound of z{to{R)) and the choice of R, we have 


17CSR > 


> 


1 


R- — - UCdR 
50 


z{to{R)) d-2 
This contradicts our choice of S, please see 
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[17(d-2) + 12]C5i?> —R. 

ou 


7 Application on a Shifted Wave Equation on 

In this section we consider the radial solutions to an energy-critical, focusing, semilinear shifted 
wave equation on the hyperbolic space 

( d^v - (A]h[ 3 -I- l)u = \v\^v, (y, t) e H3 X R; 

\ (37) 

[ att-(-,0) =U1 e L2(]H3); 

as one application of our main theorem. 

7.1 Background and the Space of Functions 

Model of hyperbolic space There are various models for the Hyperbolic space IH^. We 
select to use the hyperboloid model. Let us consider the Minkowswi space equipped 

with the standard Minkowswi metric —(da;°)^ -I- -I- • • • -I- {dx^Y s-'^d the bilinear form 

[x, y] = Xoyo — Xiyi — X 2 y 2 — x^y^. The hyperbolic space can be defined as the hyperboloid 
x§ — xf — x| — x| = 1 whose metric, covariant derivatives and measure are induced by the 
Minkowswi metric. 

Radial Functions We can introduce polar coordinates (r, 0) on the hyperbolic space IH^. 
More precisely, we use the pair (r, 0) G [0, oo) x to represent the point (cosh r, 0 sinh r) G R^+i 
in the hyperboloid model above. One can check that the r coordinate of a point in represents 
the distance from that point to the “origin” 0 G H", which is the point (1, 0,0, 0) in the Minkiwski 
space. In terms of the polar coordinate, the measure and Laplace operator can be given by 

dy = sinh^ r drdQ\ Ajj3 = + 2 cothr • dr + sinh“^ r • A §2 

Here d0 corresponds the usual unnormalized measure on the sphere S^. As in Euclidean spaces, 
for any y G we also use the notation \y\ for the distance from y to 0. Namely 

r = \y\= d{y,0), 2 /G H”. 

A function / defined on is radial if it is independent of 0. By convention we can use the 
notation /(r) to mention a radial function /. 
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Function Space The homogenous Sobolev space which is the counterpart of 

in the hyperbolic space is defined by 

^0,l(]gi3) _ (_Ajj 3 — ||u||/i-0,i(R3) = ||( —Ah 3 — l)^/^u||2,2(]H[3) 

If / S (^(^“(IHI^), then its norm can also be given by (|V/| = (Da/D“/)^/^) 

||/lk«>i(R3) = / {W!{y)?-\f{y)?)d^i{y). (38) 

Jw 

Please pay attention that the spectrum of the Laplace operator — Ahs is [l,oo), which is much 
different from that of the Laplace operator on As a result, the integral above is always 
nonnegative. 

Sobolev Embedding As in Euclidean Spaces, we have the Sobolev embedding ^ 

(Please see [SD] for more details.) This implies that the energy 

E{v,dtv) = i||?;||^o.i(H3) + ^l|9tw||i2(H3) - ^lklli6(M3) = E{vo,vi) (39) 

is a finite constant as long as (vo,vi) € x L^(]HI^). 


Local Theory Both the Strichartz estimates and local theory have been discussed in my 
recent work m- Generally speaking, the local theory is similar to that of a wave equation on 
the Euclidean space. Given any initial data {vo,vi) G x L^(]HI^), there is a unique solution 
V defined on a maximal interval of time /, such that {v,dtv) G x L^(]HI^)) and the 

inequality ||'c||l52,io(jxH3) < oo holds for any bounded closed subinterval J of I. 


7.2 A transformation 


Let us consider the transformation T : L^(]HI^) —^ L^(K^) defined by 

(T/)(r,0) = ^/(r,0). 

Here (r, 0) G [0, oo) x represents the polar coordinates, in either the hyperbolic space or 
the Euclidean space R^. It is trivial to check that this transformation is actually an isometry 
from L^(]HI^) to L^(R^). In addition, the transformation T is also an isometry from H°^^(]HI^) 
to where two spaces of radial functions are subspaces defined by 

= {/ e ■■ f is radial} ^^'..(R^) = {/ G : / is radial}. 

This can be observed by using the identity (IMl) and conducting basic calculations. Furthermore, 
if / is a radial and smooth function defined on then one can also verify 


-Ar3 (T/) = T [(-Ah3 - 1)/]. 


Combining all the facts above, we have 

Lemma 7.1. If v{y,t) is a solution to the equation (1571) with initial data (uo,ui) G x 
L'^adi^^) ® maximal lifespan I, then u{-,t) = Tv{-,t) is a solution to the equation 

d^u — A]^3U = (j){x)\u\^u, (a;,t)GR^xR (40) 


with the initial data (Tmo,Tui) and the same maximal lifespan I. Here the coefficient function (j) 
is defined hy 4>{x) = |^| . In addition, the energy is also preserved under this transformation. 

Namely, the energy 


E^{u,dtu) = / 

JR3 


+ \\dM 



dx 


remains the same as the energy E{v,dtv) defined in (1551) . 
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7.3 Conclusion 


According to Reniark ll.41 our main theorem may be applied to the equation (1401) . Combing our 
main theorem and Lemma rm we immediately obtain 

Theorem 7.2. Given a pair of initial data {vo,vi) € with an energy E(vo,vi) < 

Ei{W,Q), the global behaviour, and in particular, the maximal lifespan I = {—T-(vo,vi),T^{vo,vi)) 
of the corresponding solution v to the Cauchy problem (EZl) can be determined by: 

(I) IfWvoW jjo,1(113) < II VlT||i2(][{3), then I = R and v scatters in both time directions. 

(W //Nil //o,i(h 3) > II VlT||i2(R3), then v blows up within finite time in both two directions, 
namely 

T_(vo,-ui) <+oo; T+(vo,vi) <+ 00 . 


References 

[1] J-P. Anker, P. Martinet, E. Pedon, and A. G. Setti. “The shifted wave equation on Damek- 
Ricci spaces and on homogeneous trees” Trends in Harmonic Analysis (2013): 1-25. 

[2] J-P. Anker, V. Pierfelice, and M. Vallarino. “The wave equation on hyperbolic spaces” 
Journal of Differential Equations 252(2012): 5613-5661. 

[3] J-P. Anker, and V. Pierfelice. “Wave and Klein-Gordon equations on hyperbolic spaces” 
(2011), preprint arXiv: 1104.0177v2. 

[4] A. Bulut. “Global well-posedness and scattering for the defocusing energy-supercritical cubic 
nonlinear wave equation” Journal of Functional Analysis 263(2012): 1609-1660. 

[5] H. Bahouri, and P. Gerard. “High frequency approximation of solutions to critical nonlinear 
equations.” American Journal of Mathematics 121(1999): 131-175. 

[6] J. Golliander, M. Keel, G. Stafhlani, H. Takaoka, and T. Tao. “Global well-posedness and 
scattering in the energy space for the critical nonlinear nonlinear Schrodinger equation in 
K.^.” Annals of Mathematics 167(2007): 767-865. 

[7] P. DAncona, V. Georgiev, and H. Kubo. “Weighted decay estimates for the wave equation” 
Journal of Differential Equations 177(2001): 146-208. 

[8] B. Dodson and A. Lawrie. “Scattering for the radial 3d cubic wave equation” (2014), arXiv 
preprint: 1403.7169. 

[9] T. Duyckaerts, G.E. Kenig, and F. Merle. “Scattering for radial, bounded solutions of 
focusing supercritical wave equations.” (2012): preprint arXiv: 1208.2158. 

[10] T. Duyckaerts, C.E. Kenig, and F. Merle. “Classification of radial solutions of the focusing, 
energy-critical wave equation.” Cambridge Journal of Mathematics 1(2013): 75-144. 

[11] T. Duyckaerts, C.E. Kenig, and F. Merle. “Universality of blow-up profile for small radial 
type 11 blow-up solutions of the energy-critical wave equation.” The Journal of the European 
Mathematical Society 13, Issue 3(2011): 533-599. 

[12] M. Cowling, S. Giulini, S. Meda estimates for functions of the Laplace-Beltrami 

operator on noncompact symmetric spaces 1” Duke Mathematical Journal 72(1993): 109- 
150. 

[13] J. Fontaine. “A semilinear wave equation on hyperbolic spaces” Communications in Partial 
Differential Equations 22(1997): 633-659. 


36 


[14] A. French. “Existence and Scattering for Solutions to Semilinear Wave Equations on High 
Dimensional Hyperbolic Space” (2014), Preprint Arxiv: 1407.2695vl. 

[15] V. Georgiev. Semilinear hyperbolic equations, MSJ Memoirs 7, Tokyo: Mathematical Soci¬ 
ety of Japan, 2000. 

[16] V. Georgiev, H. Lindblad, and G. Sogge “Weighted Strichartz estimates and global existence 
for semilinear wave equations”, American Journal of Mathematics 119(1997): 1291-1319. 

[17] J. Ginibre, A. Soffer and G. Velo. “The global Gauchy problem for the critical nonlinear 
wave equation” Journal of Functional Analysis 110(1992): 96-130. 

[18] J. Ginibre, and G. Velo. “Conformal invariance and time decay for nonlinear wave equa¬ 
tions.” Annales de I’institut Henri Poincare (A) Physique theorique 47(1987), 221-276. 

[19] J. Ginibre, and G. Velo. “Generalized Strichartz inequality for the wave equation.” Journal 
of Functional Analysis 133(1995): 50-68. 

[20] R. T. Glassey. “Einite-time blow-up for solutions of nonlinear wave equations” Mathema- 
tische Zeitschrift 177(1981): 323-340. 

[21] M. Grillakis. “Regularity and asymptotic behavior of the wave equation with critical non¬ 
linearity.” Annals of Mathematics 132(1990): 485-509. 

[22] M. Grillakis. “Regularity for the wave equation with a critical nonlinearity.” Communica¬ 
tions on Pure and Applied Mathematics 45(1992): 749-774. 

[23] S. Helgason. “Radon-Eourier transform on symmetric spaces and related group representa¬ 
tions”, Bulletin of the American Mathematical Society 71(1965): 757-763. 

[24] S. Helgason. Differential geometry, Lie groups, and symmetric spaces. Graduate Studies in 
Mathematics 34, Providence: American Mathematical Society, 2001. 

[25] K. Hidano. “Conformal conservation law, time decay and scattering for nonlinear wave 
equation” Journal D’analysis Mathematique 91(2003): 269-295. 

[26] A. D. lonescu. “Eourier integral operators on noncompact symmetric spaces of real rank 
one”, Journal of Functional Analysis 174 (2000): 274-300. 

[27] A. D. lonescu, B. Pausader, and G. Staffilani. “On the global well-posedness of energy- 
critical Schrodinger equations in curved spaces”, Analysis and PDF 5(2012): 7057746. 

[28] A. D. lonescu, and G. Staffilani. “Semilinear Schrodinger flows on hyperbolic spaces: scat¬ 
tering in Mathematische Annalen 345, No.1(2012): 133-158. 

[29] E. John. “Blow-up of solutions of nonlinear wave equations in three space dimensions” 
Manuscripta Mathematica 28(1979): 235-268. 

[30] L. Kapitanski. “Weak and yet weaker solutions of semilinear wave equations” Communica¬ 
tions in Partial Differential Equations 19(1994): 1629-1676. 

[31] M. Keel, and T. Tao. “Endpoint Strichartz estimates” American Journal of Mathematics 
120 (1998): 955-980. 

[32] C. E. Kenig, and F. Merle. “Global Well-posedness, scattering and blow-up for the energy 
critical focusing non-linear wave equation.” Acta Mathematica 201(2008): 147-212. 

[33] C. E. Kenig, and F. Merle. “Global well-posedness, scattering and blow-up for the energy 
critical, focusing, non-linear Schrodinger equation in the radial case.” Inventiones Mathe- 
maticae 166(2006): 645-675. 


37 



[34] C. E. Kenig, and F. Merle. “Nondispersive radial solutions to energy supercritical non-linear 
wave equations, with applications.” American Journal of Mathematics 133, No 4(2011): 
1029-1065. 

[35] S. Keraani. “On the defect of compactness for the Strichartz estimates of the Schrodinger 
equations” Journal of Differential Equations 175, No 2(2001): 3537392. 

[36] R. Killip, B. Stovall and M. Visan. “Blowup Behavior for the Nonlinear Klein-Gordan 
Equation.”, preprint axXiv: 1203.4886vl. 

[37] R. Killip, and M. Visan. “The defocusing energy-supercritical nonlinear wave equation in 
three space dimensions” Transactions of the American Mathematical Society, 363(2011): 
3893-3934. 

[38] R. Killip, and M. Visan. “The radial defocusing energy-supercritical nonlinear wave equation 
in all space dimensions” Proceedings of the American Mathematical Society, 139(2011): 
1805-1817. 

[39] S. Klainerman, and G. Ponce. “Global, small amplitude solutions to nonlinear evolution 
equations” Communications on Pure and Applied Mathematics 36(1983): 133-141. 

[40] J. Krieger, K. Nakanishi and W. Schlag. “Global dynamics away from the ground state for 
the energy-critical nonlinear wave equation” American Journal of Mathematics 135(2013): 
935-965. 

[41] J. Krieger, K. Nakanishi and W. Schlag. “Global dynamics of the nonradial energy-critical 
wave equation above the ground state energy” Discrete and Continuous Dynamical Systems 
33(2013): 2423-2450. 

[42] A. Lawrie, S. Oh, and S. Shahshahali. “Profile decompositions for wave equations on hy¬ 
perbolic space with applications” Preprint arXiv: 1410.5847 (2014). 

[43] H. Levine. “Instability and nonexistence of global solutions to nonlinear wave equations 
of the form Putt = —Au + F{u)”, Transactions of the American Mathematical Society 
192(1974): 1-21. 

[44] H. Lindblad, and G. Sogge. “On existence and scattering with minimal regularity for semi- 
linear wave equations” Journal of Functional Analysis 130(1995): 357-426. 

[45] B. Perthame, and L. Vega. “Morrey-Gampanato estimates for Helmholtz equations.” Journal 
of Functional Analysis 164(1999): 340-355. 

[46] H. Pecher. “Nonlinear small data scattering for the wave and Klein-Gordon equation” Math- 
ematische Zeitschrift 185(1984): 261-270. 

[47] J. Shatah, and M. Struwe. “Regularity results for nonlinear wave equations” Annals of 
Mathematics 138(1993): 503-518. 

[48] J. Shatah, and M. Struwe. “Well-posedness in the energy space for semilinear wave equations 
with critical growth” International Mathematics Research Notices 7(1994): 303-309. 

[49] R. Shen. “On the energy subcritical, nonlinear wave equation in with radial data” Anal¬ 
ysts and PDF 6(2013): 1929-1987. 

[50] R. Shen and G. Stafhlani. “A Semi-linear Shifted Wave Equation on the Hyperbolic Spaces 
with Application on a Quintic Wave Equation on R^”, preprint arXiv: 1402.3879. 

[51] R. Shen. “On the energy-critical semi-linear shifted wave equation on the hyperbolic spaces”, 
Preprint arXiv: 1408.0331. 


38 



[52] T. Sideris. “Nonexistence of global solutions to semilinear wave equations in high dimen¬ 
sions” Journal of Differential Equations 52(1984): 378-406. 

[53] R. J. Stanton and P. A. Tomas. “Expansions for spherical functions on noncompact sym¬ 
metric spaces” Acta Mathematica 140(1978): 251-271. 

[54] W. Strauss. Nonlinear wave equations, CBMS Regional Conference Series in Mathematics, 
Number 73, Providence: American Mathematical Society, 1989. 

[55] M. Struwe. “Globally regular solutions to the u® Klein-Gordon equation.” Annali della 
Scuola Normale Superiore di Pisa - Classe di Scienze 15(1988): 495-513. 

[56] G. Talenti. “Best constant in Sobolev inequality” Annali di Matematica Pura ed Applicata 
110(1976): 353-372. 

[57] T. Tao and M. Visan. “Stability of energy-critical nonlinear Schrodinger equations in high 
dimensions” Electronic Journal of Differential Equations 118(2005), 28. 

[58] D. Tataru. “Strichartz estimates in the hyperbolic space and global existence for the similin- 
ear wave equation” Transactions of the American Mathematical Society 353(2000): 795-807. 

[59] K. Tsutaya. “Scattering theory for semilinear wave equations with small data in two space 
dimensions” Transactions of the American Mathematical Society 342, No 2(1994): 595-618. 


39 



